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ESTIMATES OF THE DERIVATIVES FOR PARABOLIC
OPERATORS WITH UNBOUNDED COEFFICIENTS

MARCELLO BERTOLDI AND LUCA LORENZI

Abstract. We consider a class of second-order uniformly elliptic operators A
with unbounded coefficients in R

N . Using a Bernstein approach we provide
several uniform estimates for the semigroup T (t) generated by the realization of
the operator A in the space of all bounded and continuous or Hölder continuous
functions in R

N . As a consequence, we obtain optimal Schauder estimates for
the solution to both the elliptic equation λu − Au = f (λ > 0) and the
nonhomogeneous Dirichlet Cauchy problem Dtu = Au + g. Then, we prove
two different kinds of pointwise estimates of T (t) that can be used to prove a
Liouville-type theorem. Finally, we provide sharp estimates of the semigroup
T (t) in weighted Lp-spaces related to the invariant measure associated with
the semigroup.

1. Introduction

In recent years much attention has been paid to the uniformly elliptic operator

A =
N∑

i,j=1

qij(x)Dij +
N∑

j=1

bj(x)Dj ,

with unbounded coefficients in R
N . The interest for operators with unbounded

coefficients is due to the fact that they arise naturally in the theory of Markov
processes. Actually these operators have very interesting properties, quite different
from those enjoyed by elliptic operators with bounded coefficients.

If f is continuous and bounded in R
N (f ∈ Cb(RN ) for short), under suitable

hypotheses the Cauchy problem

(1.1)

{
Dtu(t, x) = Au(t, x), t > 0, x ∈ R

N ,

u(0, x) = f(x), x ∈ R
N ,

has a unique bounded solution. Moreover, there exists a semigroup {T (t)}t≥0 of
linear operators in Cb(RN ) such that u(t, x) = (T (t)f)(x). In general, T (t) is
neither strongly continuous nor analytic (see [14]).
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The problem of estimating the derivatives of T (t)f has already been studied in
literature by both analytic ([2, 4, 6, 12]) and probabilistic methods ([5, 19]).

In this paper we prove both uniform and pointwise estimates for the first-, second-
and third-order derivatives of T (t)f . In section 3 we prove uniform estimates,
namely we show that for any ω > 0 and any k, l ∈ N, 0 ≤ k ≤ l ≤ 3, there exists a
positive constant Ck,l = Ck,l(ω) such that

(1.2) ‖T (t)f‖Cl
b(R

N ) ≤ Ck,lt
−(l−k)/2eωt‖f‖Ck

b (RN ), ∀f ∈ Ck
b (RN ), t > 0.

To prove (1.2) we use the Bernstein method and approximate T (t)f by solutions
of Cauchy problems in bounded domains. We assume dissipativity-type and growth
conditions on the coefficients of A. We notice that some dissipativity condition is
necessary, because in general estimate (1.2) fails; see [4].

Then, using interpolation arguments, we obtain similar estimates for T (t)f in
Hölder spaces. Namely, we extend estimate (1.2) to the case when k, l ∈ R+,
0 ≤ k ≤ l ≤ 3. This allows us to prove optimal Schauder estimates for the solution
of the nonhomogeneous Dirichlet Cauchy problem associated with (1.1) as well as
for the elliptic equation λu−Au = f (λ > 0).

In section 4 we consider the following pointwise estimates for the derivatives of
T (t)f : first we prove that for any k = 1, 2, 3 and any p ∈ (1,+∞), there exists a
constant σk,p ∈ R such that
(1.3)
|(DkT (t)f)(x)|p ≤ eσk,pt

(
T (t)((|f |2 + ...+ |Dkf |2) p

2 )
)

(x), ∀t > 0, x ∈ R
N ,

for all f ∈ Ck
b (RN ). Consequently we deduce the second pointwise estimate

| (DkT (t)f
)
(x)|p ≤

(
σk,min{p,2}

1 − e−σk,min{p,2}t φk,min{p,2}(t)
)max{1, p

2 }

×
(
T (t)((|f |2 + ...+ |Dk−1f |2) p

2 )
)

(x),(1.4)

for any (t, x) ∈ R+ × R
N , any f ∈ Ck−1

b (RN ) and any p > 1, where φk,r ∈
C([0,+∞)) is a suitable function which behaves as t1−r/2 near 0 and may grow
exponentially at infinity (see (4.16)). Then, taking the semigroup property into
account, from (1.4) one readily obtains the estimate

(1.5) |(DkT (t)f)(x)|p ≤ Ck,p
eωk,pt

tpk/2
(T (t)|f |p)(x), t > 0, x ∈ R

N ,

for any f ∈ Cb(RN ), any p > 1 and some constants Ck,p > 0, blowing up as p tends
to 1, and ωk,p ∈ R.

In the particular case when qij(x) = δij , i.e. when A = ∆ +
∑
bi(x)Di, we also

prove estimate (1.3) for p = 1. On the contrary, estimate (1.5) cannot, in general,
be extended to the case when p = 1. Counterexamples are easily obtained in the
simple case A = ∆ (see [14]).

Such pointwise estimates are typical for transition semigroups of Markov pro-
cesses, and they have already been studied for the first-order derivatives (k = 1);
see [1, 2, 3].

In the case when ω1,p ≤ 0, estimate (1.5) with k = 1 allows us to obtain a
Liouville-type theorem, namely, in such a situation we can show that, if Au = 0,
then u is constant. If ω1,p > 0, in general, such a result fails. Counterexamples are
also given in [18] in the one-dimensional case.
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In the last section we derive from (1.5) similar estimates for the derivatives of the
extension of T (t)f to the Lp-spaces related to the invariant measure µ associated
with the semigroup. To be more precise, we show that, for any ω > 0, any k = 1, 2, 3
and any p ∈ (1,+∞), there exists a positive constant Ck,p = Ck,p(ω) such that

(1.6) ‖DkT (t)f‖p ≤ Ck,p
eωk,pt

tk/2
‖f‖p, t > 0,

for all f ∈ Lp(RN , µ), where ‖ · ‖p denotes the norm of Lp(RN , µ).
The characterization of the domain D(Ap) of the realization of Ap in Lp(RN , µ)

is still an open problem. There are just a few results in the particular case when
the drift term is a gradient (see [16]) or A is an Ornstein-Uhlenbeck operator (see
[15]). In such a situation, the invariant measure can be explicitly determined, and
things are easier. In general, the invariant measure is unknown and there are only
a few results on the regularity and behaviour at infinity of its density dµ/dx, which
do not allow us to perform the same technique as in [16] to characterize D(Ap).

One of the main consequence of (1.6), with k = 1, is that it allows us to give a
partial characterization ofD(Ap). Indeed, using a standard technique relying on the
representation of the resolvent R(λ,Ap)f , at x ∈ R

N , as the Laplace transform of
the function t �→ (T (t)f)(x), we show that if f ∈ D(Ap), then the first distributional
derivatives Dkf , k = 1, ..., N , belong to Lp(RN , µ).

Notation. Throughout the paper we denote by B(R) the open ball in R
N with

center at x = 0 and radius R, and by B(R) its closure in R
N . For any a, b ∈ R, we

denote by a∨ b and a ∧ b, respectively, the maximum and the minimum between a
and b. When b = 0 we set a+ = a ∨ 0. For any multi-index α = (α1, . . . , αn), any
open set Ω ⊂ R

N and any smooth function f : Ω → R we set Dαf = Dα1
x1

· · ·DαN
xN
f .

Similarly, for any k ∈ N and any x ∈ Ω we set |Dkf(x)|2 =
∑

|α|=k |Dαf(x)|2.
2. Function spaces and preliminaries

In this section we define the function spaces we deal with throughout this paper
and we collect all the needed preliminary results.

Definition 2.1. We denote by Cb(RN ) the space of all bounded and continuous
functions f : R

N → R endowed with the sup-norm. Moreover, for any k ∈ R+, we
denote by Ck

b (RN ) the spaces of all continuously differentiable up to the [k]-order
functions f such that Dαf ∈ Cb(RN ) for any |α| ≤ [k] ([k] denoting the integer
part of k) and Dαf is (k − [k])-Hölder continuous. We endow Ck

b (RN ) with the
norm

‖f‖Ck
b (RN ) =

∑
|α|≤[k]

‖Dαf‖∞ +
∑

|α|=[k]

[Dαf ]Ck−[k](RN ), ∀f ∈ Ck
b (RN ),

where

[g]Ck−[k](RN ) = sup
x,y∈RN , x �=y

|g(x) − g(y)|
|x− y|k−[k]

, ∀g ∈ Ck−[k](RN ).

For any open set Ω ⊂ R
N and any k ∈ [0,+∞], Ck

0 (Ω) denotes the subset of
Ck(RN ) of all the functions f compactly supported in Ω.

By Ck
loc(R

N ), k ∈ R+, we denote the set of all the functions f : R
N → R which

belong to Ck(K) for any compact set K ⊂ R
N . Similarly,

C
1+α/2,2+α
loc ((0,+∞) × R

N )
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denotes the space of the functions u which are once continuously differentiable
with respect to time and twice continuously differentiable with respect to the space
variables in (0,+∞) × R

N and such that for any compact set D ⊂ (0,+∞) × R
N ,

Dtu,D
β
xu (|β| ≤ 2) are α-Hölder continuous in D with respect to the parabolic

distance d((t, x), (s, y)) = (|t − s| + |x − y|2)1/2. For any k ∈ N and any compact
set D ⊂ R×R

N , C1+α/2,2+k+α(D) denotes the set of all the u’s which admit space
derivatives up to the k-th order in C1+α/2,2+α(D).

For any positive measure µ we denote by Lp(RN , µ) (p ∈ [1,+∞)) (Lp
µ for short)

the Lp-space related to the measure µ and we endow it with the usual norm.
Finally, we denote by W k,p(RN , µ) (k ∈ N, p ∈ [1,+∞)) (W k,p

µ for short) the
space of all the functions f : R

N → R admitting weak derivatives up to the k-order
in Lp

µ. We endow it with the norm

‖f‖W k,p
µ

=
∑
|α|≤k

‖Dαf‖Lp
µ
, ∀f ∈ W k,p

µ .

We now recall some basic results on the Cauchy problem

(2.1)

{
Dtu(t, x) = Au(t, x), t > 0, x ∈ R

N ,

u(0, x) = f(x), x ∈ R
N ,

where f ∈ Cb(RN ). Under the following hypothesis:
H1): qij , bj ∈ Cδ

loc(R
N ) for some δ ∈ (0, 1) and qij(x) = qji(x) for any i, j =

1, . . . , N and any x ∈ R
N , and

N∑
i,j=1

qij(x)ξiξj ≥ ν(x)|ξ|2, ∀ξ, x ∈ R
N ,

for some function ν : R
N → R such that infx∈RN ν(x) = ν0 > 0,

problem (2.1) admits a classical solution

u ∈ C([0,+∞) × R
N ) ∩ C1+δ/2,2+δ

loc ((0,+∞) × R
N )

satisfying
|u(t, x)| ≤ ‖f‖∞, t > 0, x ∈ R

N .

Without any additional assumption, in general the function u is not the unique clas-
sical bounded solution to problem (2.1) (see [9, 13] for examples of nonuniqueness).
If we assume the further condition

H2): there exists λ > 0 and a function ϕ ∈ C2(RN ) such that

lim
|x|→+∞

ϕ(x) = +∞ and sup
x∈RN

(Aϕ(x) − λϕ(x)) < +∞,

then the classical bounded solution to (2.1) is unique and is given by

(2.2) u(t, x) =
∫

RN

G(t, x, y)f(y)dy, ∀(t, x) ∈ R+ × R
N ,

where G is a positive function such that G(·, ·, y) ∈ C
1+δ/2,2+δ
loc ((0,+∞) × R

N ), it
solves the equation DtG(·, ·, y) = AG(·, ·, y) for almost any y ∈ R

N and

(2.3)
∫

RN

G(t, x, y)dy = 1, ∀t > 0, x ∈ R
N .

The function G is called the fundamental solution to problem (2.1).
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The family of bounded operators {T (t)}t≥0 defined by T (t)f = u(t, ·) for any
f ∈ Cb(RN ) and any t > 0, gives rise to a contractive semigroup of linear operators
in Cb(RN ). In general, T (t) is neither strongly continuous nor analytic in Cb(RN ).
Moreover, the following property holds:

(2.4)
If {fn}n∈N ⊂ Cb(RN ) is a bounded sequence such that limn→+∞ fn =
f ∈ Cb(RN ) uniformly in B(k) for all k > 0, then limn→+∞(T (t)fn)(x) =
(T (t)f)(x) uniformly in [0, T ]×B(k) for all T, k > 0.

We refer the reader to [3, 8, 13] for the proofs of the previous results.
The solution u(t, x) = (T (t)f)(x) can be approximated with the solutions of

Dirichlet problems. To be more precise let uR be the solution to the Dirichlet
Cauchy problem

(2.5)


DtuR(t, x) = AuR(t, x), t > 0, x ∈ B(R),

uR(t, x) = 0, t > 0, x ∈ ∂B(R),

uR(0, x) = ηR(x)f(x), x ∈ B(R),

where f ∈ C(B(R)), and ηR is any nonnegative smooth function compactly sup-
ported in B(R) and such that ηR ≡ 1 in B(R/2).

We denote by {TR(t)}t≥0 the semigroup in C(B(R)) associated with problem
(2.5), so that uR(t, ·) = TR(t)(ϑRf); the generator of TR(t) is the operator A :
D(AR) → X defined by
(2.6)

D(AR) =
{
u ∈ C(B(R))

⋂
1<p<+∞

W 2,p
loc (B(R)) : u|∂B(R) = 0, Au ∈ C(B(R))

}
,

and ARu = Au for any u ∈ D(AR); see [11, Corollary 3.1.21].
Now let f ∈ Cb(RN ) and fix ε, T, n > 0. Then we have

(2.7) lim
R→∞

‖u− uR‖C1+δ/2,2+δ([ε,T ]×B(n)) = 0;

see e.g. [3, Theorem 1.12], [13, Theorem 4.2]. Moreover, the fundamental solution
GR to problem (2.5) is positive for any R > 0, GR1 < GR2 for all R1 < R2,
and GR tends to the function G in (2.2) as R tends to +∞. As straightforward
consequences, we deduce that, for any f ≥ 0 and R1 < R2, we have

(2.8) TR1(t)f ≤ TR2(t)f ≤ T (t)f, ∀t > 0

(see also [13, Lemma 4.1]), and, for any f ∈ Cb(RN ),

(2.9) |T (t)f − TR(t)f | ≤ (T (t) − TR(t))|f |, ∀t > 0.

Let us now recall the following classical interior estimate (see e.g. [7, Theorems
3.5 and 3.10]).

Theorem 2.2. Suppose that qij , bj ∈ Ck+δ
loc (RN ) for any i, j = 1, . . . , N , for some

k ∈ N and δ ∈ (0, 1), and suppose that H1 holds. Let Ω ⊂ R
N be a bounded open

set and let u ∈ L∞((0, T )×Ω) be a solution of the equation ut = Au in (0, T )×Ω.
Then, for any |β| ≤ k, the function Dβu belongs to C

1+δ/2,2+δ
loc ((0,+∞) ×

Ω). Moreover, for any ε, ε′ > 0 (ε < ε′ < T ), and any open set Ω′ ⊂⊂ Ω,
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there exists a positive constant C depending on ε, ε′,T,Ω,Ω′, k, ‖qij‖Ck+δ(Ω) and
‖bj‖Ck+δ(Ω) (i, j = 1, . . . , N), such that

(2.10) ‖u‖C1+δ/2,k+2+δ([ε′,T ]×Ω′) ≤ C sup
(t,x)∈[ε,T ]×Ω

|u(t, x)|.

Theorem 2.2 yields the following consequence: applying (2.10) to u − uR, by
(2.7) it follows that

(2.11) lim
R→+∞

‖uR − u‖C1+δ/2,k+2+δ([ε,T ]×B(n)) = 0,

for all f ∈ Cb(RN ) and all fixed ε, T, n > 0.
Next, we recall the following result. Even if it is a classical result, to the authors’

knowledge it seems not to be explicitly mentioned in the most used classical books;
then we give a proof.

Theorem 2.3. Let R > 0 and let assumption H1 be satisfied. Moreover, as-
sume that the coefficients of A belong to Ck+α(B(R)) for some α ∈ (0, 1) and
k = 1, 2, 3. Then for any f ∈ Cj

0(B(R)) (j = 0, . . . , k) the function (t, x) �→
t(k−j)/2(DkTR(t)f)(x) is continuous in [0,+∞) ×B(R).

Proof. The proof follows from a density argument. We just sketch it in the case
when j = k = 3. It is well known that for any f ∈ C∞

0 (B(R)), the functions
(t, x) �→ (DjTR(t)f)(x) (j = 0, . . . , 3) are continuous in [0,+∞) × B(R) (see e.g.
[10, Theorem 5.2]). Using a method similar to the one that we will use in the proof
of Theorem 3.3, we can easily show that, for any T > 0, there exists a positive
constant C = C(R, T ), such that

(2.12) ‖TR(t)f‖C3(B(R)) ≤ C‖f‖C3(B(R)), ∀t ∈ [0, T ].

Now, with any f ∈ C3
0 (B(R)) we associate a sequence of smooth functions {fn}n∈N

⊂ C∞
0 (B(R)) converging to f in C3(B(R)). Since for any n ∈ N the functions

DjTR(·)fn (j = 0, . . . , 3) are continuous in [0,+∞) × B(R), taking (2.12) into
account, we easily get the assertion. �

We conclude this section with the following version of the maximum principle
which will be used throughout all this paper. For the proof, we refer the reader to
[12, Proposition 2.1].

Lemma 2.4. Suppose that assumptions H1 and H2 hold true and let u : [0, T ] ×
R

N → R be a bounded classical solution of the problem{
Dtu(t, x) = Au(t, x) + g(t, x), t ∈ (0, T ), x ∈ R

N ,

u(0, x) = f(x), x ∈ R
N ,

where f ∈ Cb(RN ) and g ∈ C((0, T ) × R
N ). If g ≤ 0, then u ≤ sup f+, where

f+(x) = max{f(x), 0}. Similarly, if g ≥ 0, then u ≥ inf f−, where f−(x) =
min{f(x), 0}.

3. Uniform estimates

In this section, we show that, under suitable assumptions on the coefficients qij
and bj (i, j = 1, . . . , N), for any ω > 0, there exist positive constants Ck,l = Ck,l(ω)
such that

(3.1) ‖T (t)f‖Cl
b(R

N ) ≤ Ck,lt
−(l−k)/2eωt‖f‖Ck

b (RN ), ∀f ∈ Ck
b (RN ),
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for any k, l ∈ N, 0 ≤ k ≤ l ≤ 3. Once (3.1) is established, one can easily prove, by
interpolation, that there exist positive constants Ck+α,m+θ = Ck+α,m+θ(ω) such
that
(3.2)
‖T (t)f‖Cm+θ

b (RN ) ≤ Ck+α,m+θt
−(m+θ−k−α)/2eωt‖f‖Ck+α

b (RN ), ∀f ∈ Ck+α
b (RN ),

for any m, k = 0, 1, 2, α, θ ∈ [0, 1], k + α ≤ m+ θ.
Although we limit ourselves to the case when l ≤ 3, our techniques work as well

for l > 3 under suitable additional assumptions on the coefficients.
We will consider the following assumptions:

H3): there exists a constant C > 0 such that∣∣∣∣∣
N∑

j=1

qij(x)xj

∣∣∣∣∣ ≤ C(1 + |x|2)ν(x),
N∑

j=1

qjj(x) ≤ C(1 + |x|2)ν(x),(3.3)

N∑
j=1

bj(x)xj ≤ C(1 + |x|2)ν(x),(3.4)

for any x ∈ R
N , i = 1, . . . , N ;

H4-1): qij , bj ∈ C1+δ
loc (RN ) for some δ ∈ (0, 1) and there exist a constant C > 0

and a function d : R
N → R with L1 := supx∈RN{d(x)/ν(x)} < +∞, such

that |Dkqij(x)| ≤ Cν(x) for any i, j, k = 1, . . . , N and

N∑
i,j=1

Dibj(x)ξiξj ≤ d(x)|ξ|2, ∀x, ξ ∈ R
N ;

H4-2): qij , bj ∈ C2+δ
loc (RN ) for some δ ∈ (0, 1), hypothesis H4-1 holds true and

there exist a positive function r : R
N → R and three constants K1 ∈ R,

L2, L3 > 0 such that |Dβbj(x)| ≤ r(x) for any j = 1, . . . , N and any |β| = 2,
d(x) + L2r(x) ≤ L3ν(x) and

N∑
i,j,h,k=1

Dhkqij(x)mijmhk ≤ K1ν(x)
N∑

h,k=1

m2
hk,

for any symmetric matrix M = (mhk)N
h,k=1 and any x ∈ R

N ;
H4-3): qij , bj ∈ C3+δ

loc (RN ) for some δ ∈ (0, 1), hypothesis H4-2 holds true and
there exists a constant C > 0 such that |Dβbj(x)| ≤ r(x) and |Dβqij(x)| ≤
Cν(x) for any i, j = 1, . . . , N , any |β| = 3 and any x ∈ R

N .

Remark 3.1. We remark that in H4-l (l = 2, 3) we can take r(x) = L4(1 + |d(x)|)
for some L4 > 0. It is sufficient to take L2 < L−1

4 and

L3 = (1 + L2L4) sup
x∈RN

(d(x)/ν(x)) + L2L4ν
−1
0

in H4-2.

Remark 3.2. In some situation, condition H3 is easily implied by H4-1. This is the
case, for instance, when there exists a positive constant K such that

(3.5)
∫ 1

0

ν(tx)dt ≤ Kν(x), ∀x ∈ R
N .
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We limit ourselves to showing that in such a situation, condition (3.4) follows from
H4-1. The same argument can be used to prove that also (3.3) is a consequence of
H4-1.

To show (3.4) we observe that taking (x, ξ) = (tz, z) in H4-1 gives

(3.6)
d

dt

N∑
j=1

bj(tz)zj ≤ L1ν(tz)|z|2, ∀z ∈ R
N .

Integrating (3.6) with respect to t ∈ [0, 1] and taking (3.5) into account, we get

N∑
j=1

bj(z)zj ≤
N∑

j=1

bj(0)zj + L1|z|2
∫ 1

0

ν(tz)dt

≤ |z||b(0)|+KL1|z|2ν(z)
≤ C′|z|(1 + |z|)ν(z),(3.7)

for any z ∈ R
N , where |b(0)| denotes the euclidean norm of the vector b(0) =

(b1(0), . . . , bN (0)) and C′ = max{|b(0)|ν−1
0 ,KL1}.

Let us observe that (3.5) is satisfied, for instance, in the case when ν(x) = ν(|x|)
for any x ∈ R

N and some nondecreasing function ν : R+ → R+, and in the
case when ν(x) = c + ν̃(x), c and ν̃ being, respectively, a positive constant and a
homogeneous function of degree α > 0.

Theorem 3.3. Let l ∈ {1, 2, 3}, and let assumptions H1-H3, H4-l be satisfied.
Then, for any ω > 0 and any k = 0, . . . , l, there exist constants Ck,l = Ck,l(ω) > 0
such that (3.1) holds true. In particular, if k = l we can take ω = 0 in (3.1).

Proof. We begin the proof by considering the case when k = 0 and l = 3. Let ϕ ∈
C∞([0,+∞)) be a nonincreasing function such that ϕ(t) = 1 for any t ∈ [0, 1/2),
and ϕ(t) = 0 for any t ∈ [3/4,+∞). With any R > 0 we associate the function
η = ηR : R

N → R defined by η(x) = ϕ(|x|/R). Of course η ∈ C∞
0 (RN ), η = 1 in

B(R/2) and η = 0 outside the ball B(R).
We fix T > 0 and define the function

v0,3,R(t, x) = |uR(t, x)|2 + atη2|DuR(t, x)|2 + a2t2η4|D2uR(t, x)|2
+a3t3η6|D3uR(t, x)|2,

for any t ∈ [0, T ] and any x ∈ B(R), where uR(t, x) = (TR(t)(ηf))(x) is the solution
of the Dirichlet Cauchy problem (2.5). Taking Theorem 2.3 into account, it follows
that v0,3,R is continuous in [0, T ] × B(R), and, with some computations, one can
see that v0,3,R solves the Cauchy problem

(3.8)


Dtv0,3,R(t, x) = Av0,3,R(t, x) + gR(t, x), t ∈ [0, T ], x ∈ B(R),

v0,3,R(t, x) = 0, t ∈ [0, T ], x ∈ ∂B(R),

v0,3,R(0, x) = (ηf)2(x), x ∈ B(R),
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where gR(t, x) =
∑8

j=1 gj,R(t, x) for any t > 0 and any x ∈ B(R), with

g1,R = −2
N∑

i,j=1

qijDiuRDjuR − 2atη2
N∑

i,j,h=1

qijDihuRDjhuR

− 2a2t2η4
N∑

i,j,h,k=1

qijDihkuRDjhkuR

− 2a3t3η6
N∑

i,j,h,k,l=1

qijDihkluRDjhkluR,

(3.9)

g2,R = −2
(
at|DuR|2 + 6a2t2η2|D2uR|2 + 15a3t3η4|D3uR|2

) N∑
i,j=1

qijDiηDjη,

(3.10)

g3,R = −2
(
atη|DuR|2 + 2a2t2η3|D2uR|2 + 3a3t3η5|D3uR|2

) N∑
i,j=1

qijDijη

− 2
(
atη|DuR|2 + 2a2t2η3|D2uR|2 + 3a3t3η5|D3uR|2

) N∑
j=1

bjDjη

− 8atη
N∑

i,j,h=1

qijDjηDhuRDihuR − 16a2t2η3
N∑

i,j,h,k=1

qijDjηDhkuRDihkuR

− 24a3t3η5
N∑

i,j,h,k,l=1

qijDjηDhkluRDihkluR,

(3.11)

g4,R = 2atη2
N∑

j,h=1

DhbjDjuRDhuR + 4a2t2η4
N∑

j,h,k=1

DhbjDjkuRDhkuR

+ 6a3t3η6
N∑

j,h,k,l=1

DhbjDjkluRDhkluR,

(3.12)

g5,R = 2atη2
N∑

i,j,h=1

DhqijDhuRDijuR +4a2t2η4
N∑

i,j,h,k=1

DhqijDhkuRDijkuR

+ 6a3t3η6
N∑

i,j,h,k,l=1

DhqijDhkluRDijkluR,

(3.13)
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g6,R = 2a2t2η4
N∑

i,j,h,k=1

DhkqijDijuRDhkuR

+ 6a3t3η6
N∑

i,j,h,k,l=1

DhkqijDijluRDhkluR

+ 2a2t2η4
N∑

j,h,k=1

DhkbjDjuRDhkuR

+ 6a3t3η6
N∑

j,h,k,l=1

DhkbjDjluRDhkluR,

(3.14)

g7,R = 2a3t3η6

( N∑
i,j,h,k,l=1

DhklqijDijuRDhkluR +
N∑

j,h,k,l=1

DhklbjDjuRDhkluR

)
,

(3.15)

g8,R = aη2|DuR|2 + 2a2tη4|D2uR|2 + 3a3t2η6|D3uR|2.(3.16)

Taking the ellipticity condition H1 into account, we easily deduce that

(3.17) g1,R ≤ −2ν|DuR|2 −2atη2ν|D2uR|2 −2a2t2η4ν|D3uR|2 −2a3t3η6ν|D4uR|2

and that g2,R ≤ 0.
To estimate the function g3,R we observe that, by virtue of (3.3), and recalling

that ϕ is nonincreasing in [0,+∞) and ϕ′ = 0 in [0, 1/2), it can be easily shown
that

(3.18)

∣∣∣∣∣
N∑

i,j=1

qij(x)Dijη(x)

∣∣∣∣∣
≤ |ϕ′(|x|/R)|

(
1

|x|R
N∑

j=1

qjj(x) +
1

|x|3R
N∑

i,j=1

qij(x)xixj

)

+|ϕ′′(|x|/R)| 1
|x|2R2

N∑
i,j=1

qij(x)xixj

≤ Cν(x) sup
|x|≤R

[
|ϕ′(|x|/R)|

(
1 + |x|2
|x|R +

1 + |x|2
|x|3R

N∑
i=1

|xi|
)

+C|ϕ′′(|x|/R)|1 + |x|2
|x|2R2

N∑
i=1

|xi|
]

≤ 4C(1 + 2
√
N)‖ϕ′‖∞ν(x) + 4C

√
N‖ϕ′′‖∞ν(x)

=: C′ν(x),
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for any x ∈ B(R) and any R ≥ 1. Similarly,

∣∣∣∣∣
N∑

j=1

qij(x)Djη(x)

∣∣∣∣∣ ≤ Cν(x) sup
|x|≤R

(
|ϕ′(|x|/R)|1 + |x|2

|x|R

)

≤ 4C‖ϕ′‖∞ν(x) =: C′′ν(x).(3.19)

Using (3.4) and recalling that ϕ is nonincreasing in [0,+∞), we can easily show
that

(3.20)

−
N∑

j=1

bj(x)Djη(x) = −ϕ′(|x|/R)
1

|x|R
N∑

j=1

bj(x)xj

≤ Cν(x) sup
|x|≤R

(
−ϕ′(|x|/R)

1 + |x|2
|x|R

)
≤ C′′ν(x),

for any x ∈ B(R).
Taking (3.18), (3.19) and (3.20) into account and recalling that for any a, b, ε > 0

it holds that ab ≤ (4ε)−1a2 + εb2, we can now easily show that

(3.21)

g3,R ≤ 2aC′tνη|DuR|2 + 4a2C′t2νη3|D2uR|2 + 6a3C′t3νη5|D3uR|2

+ 2aC′′tνη|DuR|2 + 4a2C′′t2νη3|D2uR|2 + 6a3C′′t3νη5|D3uR|2

+ 8aC′′tν
(
N

4ε
|DuR|2 + εη2|D2uR|2

)
+ 16a2C′′t2ν

(
N

4ε
η2|D2uR|2 + εη4|D3uR|2

)
+ 24a3C′′t3ν

(
N

4ε
η4|D3uR|2 + εη6|D4uR|2

)
≤ 2a

(
C′ + C′′ + C′′N

ε

)
tν|DuR|2

+ 4a
(
aC′t+ aC′′t+ 2C′′ε+ aC′′t

N

ε

)
tνη2|D2uR|2

+ 2a2

(
3aC′t+ 3aC′′t+ 8C′′ε+ 3aC′′t

N

ε

)
t2νη4|D3uR|2

+ 24a3C′′t3ενη6|D4uR|2.

Taking advantage of assumption H4-1, we deduce that

(3.22) g4,R ≤ 2atdη2|DuR|2 + 4a2t2dη4|D2uR|2 + 6a3t3dη6|D3uR|2.
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The terms g5,R, g6,R and g7,R can be estimated in a similar way by taking
assumptions H4-2 and H4-3 into account, and they yield

g5,R ≤ atC
N2

2ε
ν|DuR|2 + aCN

(
2ε+ at

N

ε

)
tνη2|D2uR|2

+ a2CN

(
4ε+ 3at

N

2ε

)
t2νη4|D3uR|2 + 6a3t3εCNνη4|D4uR|2,

(3.23)

g6,R ≤ a2t2η2r
N2

2ε
|DuR|2 + a2t2η4

[
2K1ν +N

(
2ε+ 3at

N

2ε

)
r

]
|D2uR|2

+ 6a3t3η6 (K1ν + εNr) |D3uR|2,

(3.24)

g7,R ≤ a3t3η2r
N3

2ε
|DuR|2 + a3t3η4Cν

N3

2ε
|D2uR|2

+ 2a3t3η6εN (CνN + r) |D3uR|2.
(3.25)

From (3.17), (3.21)-(3.25) we immediately deduce that for any t ∈ [0, T ] we have
(3.26)

gR ≤
{
−ν0 + a+ ν

[
−1 + 2at

(
C′ + C′′ + C′′N

ε

)
+ atC

N2

2ε
+ a2t2C

N2

2ε

]

+at
[
2d+ at(1 + atN)

N2

2ε
r

]}
|DuR|2

+ a

{
−ν0 + 2a+ ν

[
− 1 + 4

(
aC′t+ aC′′t+ 2C′′ε+ aC′′t

N

ε

)

+ CN

(
2ε+ at

N

ε

)
+ 2K+

1 at+ a2t2C
N3

2ε

]

+at
[
4d+

(
2εN + 3at

N2

2ε

)
r

]}
tη2|D2uR|2

+ a2

{
− ν0 + 3a+ ν

[
− 1 + 2

(
3aC′t+ 3aC′′t+ 8C′′ε+ 3aC′′t

N

ε

)

+ CN

(
4ε+ 3at

N

2ε

)
+ 6atK+

1 + 2atεCN2

]

+ 2at
(
3d+ 4εNr

)}
t2η4|D3uR|2

+ 2a3 (−1 + 12C′′ε+ 3εCN) t3νη6|D4uR|2.
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We now choose (a, ε), sufficiently small, satisfying the following set of inequalities:

3a− ν0 ≤ 0, 4εN ≤ 3L2,

aT (1 + aTN)
N2

2ε
≤ 2L2, 2εN + 3aT

N2

2ε
≤ 4L2,

−1 + aT

[
4
(
C′ + C′′ + C′′N

ε
+ L3

)
+ C

N2

ε
+ 2K+

1

]
+2ε (CN + 4C′′) + a2T 2C

N3

2ε
≤ 0,

−1 + aT

[
6
(
C′ + C′′ + C′′N

ε
+K+

1 + L3

)
+ 3C

N2

2ε
+ 2εCN2

]
+4ε (CN + 4C′′) ≤ 0.

With such a choice of (a, ε) we get gR(t, x) ≤ 0 for any t ∈ [0, T ] and any x ∈ B(R).
From the maximum principle we now deduce that

|v0,3,R(t, x)| ≤ ‖ηf‖2
∞ ≤ ‖f‖2

∞, ∀t ∈ [0, T ], x ∈ B(R).

By (2.11), taking the limit as R tends to +∞, we deduce that (3.1) holds for
t ∈ [0, T ], for some constant C0,3 = C0,3(T ) > 0 and with ω = 0. Using the
semigroup property we can then extend the estimate to all the positive t. Indeed,
for any ω > 0 we can choose T = T (ω) such that eωtt−3/2 ≥ 1 for all t > T (ω), and
then if t > T we get

‖T (t)f‖C3
b(RN ) = ‖T (T )T (t− T )f‖C3

b(RN ) ≤
C0,3

T 3/2
‖T (t− T )f‖∞

≤ C0,3

T 3/2
‖f‖∞ ≤ C0,3

T 3/2

eωt

t3/2
‖f‖∞,

and therefore (3.1) follows with C0,3(ω) = max{C0,3(T ), C0,3(T )T−3/2}.
In the other cases the proof is very similar. It suffices to apply the arguments

above to the function

vk,l,R(t, x) =
l∑

j=0

ajt(j−k)+(η(x))2j |DjuR(t, x)|2, ∀t > 0, x ∈ B(R), k ≤ l ≤ 3.

Let us just show that, if k = l, we can take ω = 0 in (3.1). We only consider
the case when l = 3. A straightforward computation shows that v3,3,R is a classical
solution to the Dirichlet Cauchy problem (3.8) with v3,3,R(0, ·) =

∑3
j=0 |Dj(ηf)|2

and gR being replaced by g̃R =
∑7

j=1 g̃j,R, where g̃j,R (j = 1, . . . , 7) are defined by
the right-hand sides of (3.9)-(3.15) after replacing each t, therein explicitly appear-
ing, with t = 1. Arguing as above we can easily show that g̃R can be estimated
for any t > 0 by the last side of (3.26), where we set T = 1 and replace the terms
−ν0 + a, −ν0 + 2a and −ν0 + 3a simply by −ν. It is now clear that we can take
(a, ε) such that gR(t, x) ≤ 0 for any t > 0 and any x ∈ R

N , and consequently

|v3,3,R(t, x)| ≤ ‖ηf‖2
∞ + ‖D(ηf)‖2

∞ + ‖D2(ηf)‖2
∞ + ‖D3(ηf)‖2

∞,

for any t ≥ 0 and any x ∈ R
N , which yields (3.1) taking the limit as R tends to

+∞. �

Now, by interpolation, we can prove (3.2).
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Theorem 3.4. Let l ∈ {1, 2, 3} and let assumptions H1-H3, H4-l be satisfied. Then,
for any ω > 0, any k,m = 0, . . . , l−1 and any α, θ ∈ [0, 1] such that k+α ≤ m+θ,
there exist constants Ck+α,m+θ = Ck+α,m+θ(ω) > 0 such that (3.2) holds true. In
particular, if k + α = m+ θ we can take ω = 0 in (3.2).

Proof. The proof follows easily from an interpolation argument. We limit ourselves
to sketching it in a particular case, since the same techniques can also be applied
to all the other cases. So, let us assume that l = 3, k = m = 2 and 0 < α ≤ θ < 1,
and fix ω > 0. From (3.1) with (k, l) = (2, 2) and (k, l) = (2, 3), we deduce that

(3.27) ‖T (t)‖L(C2
b(RN ),C2

b (RN )) ≤ C2,2, ‖T (t)‖L(C2
b(RN ),C3

b (RN )) ≤ C2,3t
− 1

2 eωt,

for any t > 0. Recalling that (C2
b (RN );C3

b (RN ))β,∞ = C2+β
b (RN ), for any β ∈ (0, 1)

(see [11, Theorem 1.2.17]), and applying a well-known result in interpolation (see
[11, Proposition 1.2.6]), we easily see from (3.27) that T (t) is bounded from C2

b (RN )
into C2+β

b (RN ) for any β ∈ (0, 1) and

(3.28) ‖T (t)‖L(C2
b(RN ),C2+β

b (RN )) ≤ C2,2+βt
−β/2eβωt, ∀t > 0,

where C2,2+β = C1−β
2,2 Cβ

2,3.
Applying the same argument to (3.1), with (k, l) = (3, 3) and to (3.28), we

deduce that T (t) is bounded from C2+α
b (RN ) into C2+β+(1−β)α

b (RN ) and

‖T (t)‖
L(C2+α

b (RN ),C
2+β+(1−β)α
b (RN ))

≤ C2+α,2+β+(1−β)αt
−(1−α)β/2e(1−α)βωt,

for any t > 0, where C2+α,2+β+(1−β)α = C1−α
2,2+βC

α
3,3. Now the assertion follows,

taking β = (θ − α)/(1 − α). �

In some cases, we can extend Theorems 3.3 and 3.4 to the case when in H4-j,
the j-th-order derivatives of the coefficients are merely continuous in R

N . As the
following theorem shows, this is the case when condition (3.5) is satisfied and there
exist m,M > 0 such that

(3.29)
∫ 1

0

d(tx + y)dt ≤Mν(x + y), ∀x ∈ R
N , y ∈ B(m).

As is immediately seen, the previous condition is satisfied, for instance, when d
is bounded from above.

Theorem 3.5. Suppose that assumptions H1-H3, H4-j (with the j-th-order deriva-
tives of the coefficients merely continuous in R

N) and conditions (3.5) and (3.29)
are satisfied. Then, (3.1) and (3.2) hold true for any k, l ∈ N, k ≤ l ≤ j.

Proof. The proof follows from a density argument. Of course, we can limit ourselves
to dealing with (3.1), since, as Theorem 3.4 shows, (3.2) follows easily from (3.1).

For any ε > 0, let ϕε(x) = ε−Nϕ(x/ε), where ϕ ∈ C∞
0 (RN ) is any nonnegative

even function compactly supported in B(1) with integral 1. We denote by fε the
convolution between f and ϕε.

Let Aε be defined as A with qij and bj being replaced, respectively, by qε
ij and bεj .

As it is immediately seen, qε
ij and bεj (i, j = 1, . . . , N) satisfy assumptions H1, H4-j,

with ν(x), d(x), r(x) being replaced by νε(x), dε(x) and rε(x), Cε = C, Lε
i = Li for

i = 1, 2, 3, Kε
1 = K1 (if j > 1) and νε

0 ≥ ν0.
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Let us check that qε
ij and bεj (i, j = 1, . . . , N) satisfy condition H3 for some

positive constant independent of ε. For this purpose, we observe that (3.5) implies
that

|qij(x)| ≤ |qij(0)| + CK
√
N |x|ν(x), ∀x ∈ R

N , i, j = 1, . . . , N,

which yields (3.3).
A straightforward computation now shows that

|qε
ij(x)| ≤ |qij(0)| + CK

√
N(|x| + ε)νε(x), ∀x ∈ R

N , i, j = 1, . . . , N,

so that the qε
ij ’s satisfy condition (3.3) with a constant independent of ε ∈ (0, 1].

Similarly, we can show that the bεj ’s satisfy (3.4) with a positive constant inde-
pendent of ε ≤ m. Indeed, combining (3.7) and (3.29) we deduce that∫ 1

0

dε(tx)dt =
∫

B(ε)

dy

∫ 1

0

d(tx − y)ϕε(y)dt

≤ M

∫
B(ε)

dy

∫ 1

0

ν(x− y)ϕε(y)dt

= Mνε(x),

for any x ∈ R
N and ε ≤ m. Now, arguing as in the proof of (3.7) we get

N∑
j=1

bεj(x)xj ≤
N∑

j=1

bεj(0)xj + |x|2
∫ 1

0

dε(tx)dt ≤ sup
y∈B(ε)

|b(y)||x| +M |x|2νε(x),

for any x ∈ R
N , which yields (3.4) with a constant, independent of ε ≤ m.

Now, applying the same arguments as in the proof of Theorem 3.3 we can show
that for any ω > 0 and any k, l ∈ N, 0 ≤ k ≤ l ≤ j, there exists a positive constant
Ck,l = Ck,l(ω), independent of ε,R, such that

‖T ε
R(t)f‖Cl(B(R)) ≤ Ck,l

eωt

t(l−k)/2
‖f‖Ck(B(R)), ∀t > 0, f ∈ Ck

b (B(R)),

where T ε
R is defined as TR with A being replaced by Aε. As R tends to +∞,

T ε
R(t)f tends to a solution uε =: T ε(t)f to the Cauchy problem (1.1) (with A being

replaced by Aε) which satisfies

(3.30) ‖T ε(t)f‖Cl
b(R

N ) ≤ Ck,l
eωt

t(l−k)/2
‖f‖Ck

b (RN ), ∀t > 0

(see Section 2). Theorem 2.2 and (3.30) easily imply that there exists an infin-
itesimal sequence {εn}n∈N such that T εn(t)f and its space derivatives up to the
(j − 1)-th-order converge in C

1+δ/2,2+δ
loc ((0,+∞) × R

N ) to a function u =: S(t)f
satisfying

(3.31) ‖S(t)f‖Cl
b(R

N ) ≤ Ck,l
eωt

t(l−k)/2
‖f‖Ck

b (RN ), ∀t > 0.

Since the coefficients qij and bj (i, j = 1, . . . , N) are locally lipschitz continuous,
qεn

ij and bεn

j converge locally uniformly in R
N as n tends to +∞, respectively to

qij and bj, so that S(t)f satisfies the differential equation in (1.1). Moreover,
for any f ∈ C2

b (RN ), S(t)f converges to f as t tends to 0 locally uniformly in
x. This can be seen by a localization argument. For this purpose, we fix k ∈ N

and let η = ηk be as in the proof of Theorem 3.3. Moreover, for any n ∈ N we
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set vn(t, x) = η(x)(T εn(t)f)(x) and observe that vn is a solution to the Cauchy
problem

Dtvn(t, x) = Aεnvn(t, x) + ψn(t, x), (t, x) ∈ [0, T ]×B(k),

vn(t, x) = 0, x ∈ ∂B(k),

vn(0, x) = η(x)f(x), x ∈ B(k),

where

ψn(t, ·) = −2T εn(t)f · Aεn(η) − 2
N∑

i,j=1

qεn

ij DiT
εn(t)f ·Djη.

Since the coefficients qε
ij and bεj (i, j = 1, . . . , N) converge locally uniformly in

R
N , they are equibounded (with respect to n ∈ N) in B(k) and there exists a

positive constant C̃ such that ‖Aεng‖C(B(k)) ≤ C̃‖g‖C2(B(k)) for any g ∈ C2(B(k)).
Therefore, from (3.30) we deduce that there exists a constant C, independent of n,
such that

(3.32) |ψn(t, x)| ≤ C

t1/2
‖f‖∞, ∀(t, x) ∈ (0, T ]×B(k), n ∈ N.

Estimate (3.32) implies that vn can be written by the usual variation-of-constants
formula as

vn(t, ·) = Tk,n(t)(ηf) +
∫ t

0

Tk,n(t− s)ψn(s, ·)ds, ∀t ∈ (0, T ],

where Tk,n(t) is the semigroup associated with the realization Ak,n of Aεn in
C(B(k)) with Dirichlet boundary conditions (see Section 2).

Since ηf ∈ D(Ak,n) (see (2.6)) and Tk,n is a semigroup of contractions in C(B(k))
for any n ∈ N, then

‖Tk,n(t)(ηf) − ηf‖C(B(k)) =
∥∥∥∥∫ t

0

Tk,n(s)Aεn(ηf)ds
∥∥∥∥

C(B(k))

≤ t‖Aεn(ηf)‖C(B(k)) ≤ Ct‖ηf‖C2(B(k)), ∀t ∈ (0, T ),

which readily yields

(3.33) lim
t→0+

sup
n∈N

‖Tk,n(t)(ηf) − ηf‖C(B(k)) = 0.

From (3.32) and (3.33) we can now easily show that

lim
t→0+

sup
n∈N

‖vn(t, ·) − ηf‖C(B(k)) = 0.

Recalling that η ≡ 1 in B(k/2), we deduce that

|(S(t)f)(x) − f(x)| ≤ sup
n∈N

|(T εn(t)f)(x) − η(x)f(x)|
+ lim sup

n→+∞
|(T εn(t)f)(x) − (S(t)f)(x)|

≤ sup
n∈N

‖vk(t, ·) − ηf‖C(B(k)),

(3.34)

for any (t, x) ∈ (0, T ) × B(k/2). Taking the limit as t tends to 0 in both the first
and the last side of (3.34) gives

lim
t→0+

sup
x∈B(k/2)

|u(t, x) − f(x)| = 0.



ESTIMATES OF THE DERIVATIVES FOR PARABOLIC OPERATORS 2643

From the arbitrariness of k ∈ N, we deduce that S(t)f converges locally uniformly
(with respect to x) to f as t tends to 0. Hence S(t)f is a classical solution to
problem (1.1) and the maximum principle in Lemma 2.4 implies that T (t)f = S(t)f .
Since C2

b (RN ) is dense in C1
b (RN ) (endowed with the sup-norm) we can extend the

previous equality to all the f ∈ C1
b (RN ), obtaining (3.1) in the case when k ≥ 1.

Finally, with any f ∈ Cb(RN ) we write T (t) = T (t/2)T (t/2)f and observe that
since T (t/2)f ∈ C1

b (RN ), then T (t)f = S(t/2)T (t/2)f . Applying (3.31) with (t, f)
being replaced by (t/2, T (t/2)f), we easily get (3.1) also in the case when k = 0. �

Estimates (3.1) and (3.2) can be used to prove optimal Schauder estimates for
the elliptic equation λu−Au = f .

Theorem 3.6. Let l ∈ {1, 2} and let assumptions H1-H3, H4-l be satisfied. Then,
the maximal domain of the operator A in Cb(RN ), i.e. the set

(3.35) Dmax(A) =
{
u ∈ Cb(RN ) ∩

⋂
1<p<+∞

W 2,p
loc (RN ) : Au ∈ Cb(RN )

}
,

is contained in Cθ
b (RN ) for any θ ∈ (0, 1], if l = 1, and for any θ ∈ (0, 2), if

l = 2. Moreover, for any ω > 0 and any θ as above, there exists a positive constant
C = C(θ, ω) such that

(3.36) ‖u‖Cθ
b (RN ) ≤ C‖u‖1− θ

2∞ ‖(ω −A)u‖ θ
2∞, ∀u ∈ Dmax(A).

Finally, if assumption H4-3 is also satisfied, then for any f ∈ Cα
b (RN ) (α ∈ (0, 1))

and any λ > 0, there exist a unique solution u ∈ C2+α
b (RN ) of the elliptic equation

λu−Au = f and a positive constant C = C(α, λ) such that

‖u‖C2+α
b (RN ) ≤ C‖f‖Cα

b (RN ).

Proof. The proof of (3.36) can be obtained from (3.1) arguing as in [12, Theorems
1 and 4.1]. �

Taking advantage of the quoted estimates and Theorem 3.6, one can now prove
sharp estimates for the solution to the Cauchy problem

(3.37)

{
Dtu(t, x) = Au(t, x) + g(t, x), t > 0, x ∈ R

N ,

u(0, x) = u0(x), x ∈ R
N ,

whose “mild” solution is given by the usual variation-of-constants formula

(3.38) u(t, x) = (T (t)u0)(x) +
∫ t

0

(T (t− s)g(s, ·))(x)ds, t > 0, x ∈ R
N

(see e.g. [17, Theorem 3.5]). Arguing as in [12, Theorem 2], one can prove the
following theorem.

Theorem 3.7. Suppose that assumptions H1-H3, H4-3 are satisfied. Let T > 0,
θ ∈ (0, 1) and let g : [0, T ] × R

N → R be a bounded and continuous function such
that g(t, ·) ∈ Cθ

b (RN ) for every t and supt∈[0,T ] ‖g(t, ·)‖Cθ
b (RN ) < +∞. Moreover,

let u0 ∈ C2+θ
b (RN ). Then, the function u in (3.38) is the unique strict solution to

problem (3.37) (i.e. Dtu,Dxu,Dxxu ∈ Cb([0, T ] × R
N ) and u solves (3.37)) and

there exists a positive constant C = CT such that

sup
t∈[0,T ]

‖u(t, ·)‖C2+θ
b (RN ) ≤ C

(
‖u0‖C2+θ

b (RN ) + sup
t∈[0,T ]

‖g(t, ·)‖Cθ
b (RN )

)
.
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4. Pointwise estimates

This section is devoted to prove pointwise estimates for the first-, second- and
third-order spatial derivatives of T (t)f . Throughout this section we assume that
conditions H1-H3 of Section 3 hold true and we replace assumptions H4 with the
following ones:

H4-1-γ): qij , bj ∈ C1+δ
loc (RN ) for some δ ∈ (0, 1) and there exist γ ∈ (0, 1), a

constant C > 0 and a function d : R
N → R with supx∈RN{d(x)/ν(x)γ} <

+∞, such that |Dkqij(x)| ≤ Cν(x)γ for any i, j, k = 1, . . . , N and
N∑

i,j=1

Dibj(x)ξiξj ≤ d(x)|ξ|2, ∀x, ξ ∈ R
N ;

H4-2-γ): qij , bj ∈ C2+δ
loc (RN ) for some δ ∈ (0, 1), hypothesis H4-1-γ holds true

and there exist γ ∈ (0, 1), a positive function r : R
N → R with

sup
x∈RN

{(d(x) + L2r(x))/ν(x)γ} < +∞,

where L2 := N3/2/
√

8, and two constants C > 0, K1 ∈ R such that

|Dβbj(x)| ≤ r(x), j = 1, . . . , N, |β| = 2, x ∈ R
N

and
N∑

i,j,h,k=1

Dhkqij(x)mijmhk ≤ K1ν(x)γ
N∑

h,k=1

m2
hk,

for any symmetric matrix M = (mhk)N
h,k=1 and any x ∈ R

N ;
H4-3-γ): qij , bj ∈ C3+δ

loc (RN ) for some δ ∈ (0, 1), hypothesis H4-2-γ holds true
with L2 being replaced by L3 :=2/

√
5 if N = 1 and L3 :=

√
N3(N + 1)/3

otherwise. Moreover, there exist γ ∈ (0, 1) and a constant C > 0 such that
|Dβbj(x)| ≤ r(x) and |Dβqij(x)| ≤ Cν(x)γ for any i, j = 1, . . . , N , any
|β| = 3 and any x ∈ R

N .

Remark 4.1. Assumptions H4-l-γ (l = 1, 2, 3) allow us to consider the case when
the coefficients are of polynomial type.

In what follows we denote indifferently by u and T (t)f the solution to problem
(2.1) corresponding to the initial datum f .

We begin by proving the following lemma which will be essential to prove the
first type of pointwise estimates.

Lemma 4.2. Let k ∈ {1, 2, 3} and let assumptions H1-H3 and H4-k be satisfied.
Then, if f ∈ Ck

b (RN ) the function (t, x) �→ (DkT (t)f)(x) is continuous in [0,+∞)×
R

N .

Proof. Let f ∈ Ck
b (RN ) and u(t, x) = (T (t)f)(x). The regularity of u for t > 0 is a

classical result, recalled in Theorem 2.2. Thus we have only to prove the regularity
at t = 0. The proof is based on a localization argument.

Fix x0 ∈ R
N , let Ω be a smooth bounded neighborhood of x0 and let ϑ ∈ C∞

0 (Ω)
be such that ϑ ≡ 1 in a smaller neighborhood Ω0 ⊂ Ω of x0. Set v(t, x) = ϑ(x)u(t, x)
for t > 0 and x ∈ Ω; then the function v satisfies the equation

vt(t, x) −Av(t, x) = ψ(t, x) = −u(t, x)Aϑ(x) − 2
N∑

i,j=1

qij(x)Diu(t, x)Djϑ(x),
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for all t > 0 and x ∈ Ω, and the boundary condition v(t, x) = 0 for all t > 0 and
x ∈ ∂Ω. Moreover, it is readily seen that there exists a constant C > 0 such that

‖ψ(t, ·)‖∞ ≤ C‖u(t, ·)‖C1(Ω) ≤ C
C0,1e

ωT

√
t

‖f‖∞, 0 < t ≤ T.

Here, we have used the estimate (3.1) with (k, l) = (0, 1). In particular, the function
t �→ ‖ψ(t, ·)‖∞ belongs to L1(0, T ) for all T > 0, and therefore we can write

v(t, x) = (TΩ(t)(ϑf))(x) =
∫ t

0

(TΩ(t− s)ψ(s, ·))(x)ds, ∀t > 0, x ∈ Ω,

where TΩ(t) is the semigroup associated with the Cauchy problem with Dirichlet
boundary condition in Ω. Now let k = 1, 2, 3 and f ∈ Ck

b (RN ); using the classical
gradient estimates for TΩ(t) and the estimate (3.1), we get

‖DkTΩ(t− s)ψ(s, ·)‖∞ ≤ CT√
t− s

‖ψ(s, ·)‖Ck−1(Ω)

≤ C
CT√
t− s

‖u(s, ·)‖Ck(Ω)

≤ Ck,kC
CT√
t− s

‖f‖Ck(RN ),

for any 0 < s < t ≤ T , where C,CT > 0 are constants. This means that the
function t �→ ‖DkTΩ(t−s)ψ(s, ·)‖∞ belongs to L1(0, T ) for all T > 0, and therefore
we can write

Dkv(t, x) − (DkTΩ(t)(ϑf))(x) =
∫ t

0

(DkTΩ(t− s)ψ(s, ·))(x)ds, t > 0, x ∈ Ω,

and∣∣Dkv(t, x) − (DkTΩ(t)(ϑf))(x)
∣∣ ≤ ∫ t

0

C
CT,k√
t− s

‖f‖Ck(Ω)ds, 0 < t ≤ T, x ∈ Ω.

This implies that the function (t, x) �→ Dkv(t, x) is continuous in [0, T ]× Ω0 since,
by virtue of Theorem 2.3, (DkTΩ(t)(ϑf))(x) tends to Dk(ϑf)(x) uniformly in Ωδ,
for any δ > 0, as t tends to 0. Since v ≡ u in a neighborhood of x0, it follows that
Dku(t, x) is continuous at (0, x0). �

We now define the following quantities which will be widely used in what follows.
We set
(4.1)
M1 = sup

x∈RN

{d(x)/ν(x)γ}, Mk = sup
x∈RN

{(d(x) + Lkr(x))/ν(x)γ} (k = 2, 3),

where Lk (k = 2, 3) is defined in assumption H4-k-γ.
We are now able to prove the following theorem in which we assume that Mk ≥ 0.

Theorem 4.3. Let l ∈ {1, 2, 3} and let assumptions H1-H3, H4-l-γ be satisfied.
Further assume that Ml ≥ 0. Then, for any f ∈ Cl

b(R
N ) and any p ∈ (1,+∞)

(4.2)

|(DlT (t)f)(x)|p ≤ eσl,pt

(
T (t)

[(
l∑

j=0

|Djf |2
) p

2
])

(x), ∀t > 0, x ∈ R
N ,
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where, if p ∈ (1, 2],

σl,p = p sup
x∈RN

{
(1 − p)ν(x) +

Cl(p)
p− 1

(ν(x))γ

}
∨ 0,

Cl(p) being a suitable positive constant (that can be explicitly determined) such that
limp→1 Cl(p) ∈ R, while, if p > 2, σl,p = p

2σl,2 (l = 1, 2, 3).

Proof. We begin with the case when l = 3 and p ∈ (1, 2]. For any δ > 0 we
introduce the function wδ : R+ × R

N → R defined by

wδ(t, x) =
(|u(t, x)|2 + |Du(t, x)|2 + |D2u(t, x)|2 + |D3u(t, x)|2 + δ

) p
2 ,

for any t > 0 and any x ∈ R
N . By Lemma 4.2, wδ ∈ Cb([0,+∞) × R

N ) ∩
C1,2

loc ((0,+∞) × R
N ) and a straightforward computation shows that it solves the

Cauchy problem
(4.3)Dtwδ(t, x) = Awδ(t, x) + gδ(t, x), t > 0, x ∈ R

N ,

wδ(0, x) =
(|f(x)|2+|Df(x)|2+|D2f(x)|2+|D3f(x)|2+δ

) p
2 , x ∈ R

N ,

where

gδ = p
(|u|2 + |Du|2 + |D2u|2 + |D3u|2 + δ

) p
2−1

×
(
−

N∑
i,j=1

qijDiuDju−
N∑

i,j,h=1

qijDihuDjhu−
N∑

i,j,h,k=1

qijDihkuDjhku

−
N∑

i,j,h,k,l=1

qijDihkluDjhklu+
N∑

i,j,h=1

DhqijDhuDiju

+ 2
N∑

i,j,h,k=1

DhqijDhkuDijku+ 3
N∑

i,j,h,k,l=1

DhqijDhkluDijklu

+
N∑

j,h=1

DhbjDjuDhu+ 2
N∑

j,h,k=1

DhbjDjkuDhku

+ 3
N∑

j,h,k,l=1

DhbjDjkluDhklu+
N∑

i,j,h,k=1

DhkqijDijuDhku

+ 3
N∑

i,j,h,k,l=1

DhkqijDijluDhklu+
N∑

j,h,k=1

DhkbjDjuDhku

+ 3
N∑

j,h,k,l=1

DhkbjDjluDhklu+
N∑

i,j,h,k,l=1

DhklqijDijuDhklu

+
N∑

j,h,k,l=1

DhklbjDjuDhklu

)
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+ p(2 − p)
(|u|2 + |Du|2 + |D2u|2 + |D3u|2 + δ

) p
2−2

×
N∑

i,j=1

qij

(
uDiu+

N∑
h=1

DhuDihu+
N∑

h,k=1

DhkuDihku

+
N∑

h,k,l=1

DhkluDihklu

)

×
(
uDju+

N∑
h=1

DhuDjhu+
N∑

h,k=1

DhkuDjhku

+
N∑

h,k,l=1

DhkluDjhklu

)
.

Now, let h, k ∈ {0, 1, 2, 3} be fixed. Applying the Cauchy-Schwarz inequality
twice (first to the inner product (ξ, η) �→ 〈Q(x)ξ, η〉 and then to the euclidean one)
we deduce that
(4.4)

N∑
i,j=1

qij
∑
|α|=h

DαuDiD
αu
∑
|β|=k

DβuDjD
βu

=
∑
|α|=h

∑
|β|=k

DαuDβu

N∑
i,j=1

qijDiD
αuDjD

βu

≤
∑
|α|=h

|Dαu|
(

N∑
i,j=1

qijDiD
αuDjD

αu

) 1
2 ∑
|β|=k

|Dβu|
(

N∑
i,j=1

qijDiD
βuDjD

βu

) 1
2

≤ |Dhu||Dku|
( ∑

|α|=h

N∑
i,j=1

qijDiD
αuDjD

αu

) 1
2
( ∑

|β|=k

N∑
i,j=1

qijDiD
βuDjD

βu

) 1
2

.

This estimate can be used in order to get

N∑
i,j=1

qij

(
uDiu+

N∑
h=1

DhuDihu+
N∑

h,k=1

DhkuDihku+
N∑

h,k,l=1

DhkluDihklu

)
(4.5)

×
(
uDju+

N∑
h=1

DhuDjhu+
N∑

h,k=1

DhkuDjhku+
N∑

h,k,l=1

DhkluDjhklu

)

≤
[
|u|
(

N∑
i,j=1

qijDiuDju

) 1
2

+ |Du|
(

N∑
i,j,h=1

qijDihuDjhu

) 1
2

+ |D2u|
(

N∑
i,j,h,k=1

qijDihkuDjhku

) 1
2
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+ |D3u|2
(

N∑
i,j,h,k,l=1

qijDihkluDjhklu

) 1
2
]2

≤ (|u|2 + |Du|2 + |D2u|2 + |D3u|2)

×
(

N∑
i,j=1

qijDiuDju+
N∑

i,j,h=1

qijDihuDjhu

+
N∑

i,j,h,k=1

qijDihkuDjhku+
N∑

i,j,h,k,l=1

qijDihkluDjhklu

)
.

Taking (4.5) into account, it is immediate to check that

gδ ≤ p

{
(1 − p)

[ N∑
i,j=1

qijDiuDju+
N∑

i,j,h=1

qijDihuDjhu

+
N∑

i,j,h,k=1

qijDihkuDjhku+
N∑

i,j,h,k,l=1

qijDihkluDjhklu

]

+
N∑

i,j,h=1

DhqijDhuDiju+ 2
N∑

i,j,h,k=1

DhqijDhkuDijku

+3
N∑

i,j,h,k,l=1

DhqijDhkluDijklu+
N∑

j,h=1

DhbjDjuDhu

+2
N∑

j,h,k=1

DhbjDjkuDhku+ 3
N∑

j,h,k,l=1

DhbjDjkluDhklu

+
N∑

i,j,h,k=1

DhkqijDijuDhku+ 3
N∑

i,j,h,k,l=1

DhkqijDijluDhklu

+
N∑

j,h,k=1

DhkbjDjuDhku+ 3
N∑

j,h,k,l=1

DhkbjDjluDhklu

+
N∑

i,j,h,k,l=1

DhklqijDijuDhklu+
N∑

j,h,k,l=1

DhklbjDjuDhklu

}
×(|u|2 + |Du|2 + |D2u|2 + |D3u|2 + δ)

p
2−1.

Hence, using hypotheses H1 and H4-3-γ, we get for all ε, ε1 > 0

gδ ≤ p

{[
(1 − p)ν + C

N2

4ε0
νγ + d+ r

N2

4ε1
(N + 1)

]
|Du|2

+
[
(1 − p)ν +

(
Cε0N + C

N2

2ε
+ C

N3

4ε
+K1

)
νγ

+2d+ rN

(
ε1 +

3N
4ε1

)]
|D2u|2
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+
[
(1 − p)ν +

(
2CεN + C

3N2

4ε
+ εCN2 + 3K1

)
νγ(4.6)

+ 3d+ 4rε1N
]
|D3u|2

+
(
(1 − p)ν1−γ + 3CεN

)
νγ |D4u|2

}

× (|u|2 + |Du|2 + |D2u|2 + |D3u|2 + δ
) p

2−1
.

We now choose ε = ε0 = (p − 1)ν1−γ
0 /(3CN) and ε1 to be the minimazing point

of the function g : R+ → R defined by

g(x) = N max{(N2 +N)/(4x), (4x2 + 3N)/(8x), 4x/3}, ∀x ∈ R
N .

We obtain ε1 = 3
√

5/10 if N = 1 and ε1 =
√

3N(N + 1)/4 otherwise. With this
choice of ε and ε1, we get

gδ ≤ p

[(
(1 − p)ν + C̃1(p)νγ

)
|Du|2 +

(
(1 − p)ν + C̃2(p)νγ

)
|D2u|2

+
(
(1 − p)ν + C̃3(p)νγ

)
|D3u|2

]
× (|u|2 + |Du|2 + |D2u|2 + |D3u|2 + δ

) p
2−1

,

where

C̃1(p) =
3C2N3

4(p− 1)
νγ−1
0 +M3,

C̃2(p) =
1
3
(p− 1)ν1−γ

0 +
3C2N3(N + 2)

4(p− 1)
νγ−1
0 +K1 + 2M3,

C̃3(p) =
1
3
(N + 2)(p− 1)ν1−γ

0 +
9C2N3

4(p− 1)
νγ−1
0 + 3K1 + 3M3,

with M3 being given by (4.1). Now let σ3,p be as in the statement of the theorem
with C3(p) = (p− 1)max{C̃1(p), C̃2(p), C̃3(p)}. Then, we have

gδ(t, x) ≤ σ3,p

(|Du|2 + |D2u|2 + |D3u|2) (|u|2 + |Du|2 + |D2u|2 + |D3u|2 +δ
) p

2−1

≤ σ3,pw(t, x),

for any t > 0 and any x ∈ R
N . This yields

Dtwδ(t, x) ≤ Awδ(t, x) + σ3,pwδ(t, x).

Now set zδ(t, x) = e−σ3,ptwδ(t, x) and observe that zδ satisfies
(4.7) Dtzδ(t, x) ≤ Azδ(t, x), t > 0, x ∈ R

N ,

zδ(0, x) ≤
(|f(x)|2+|Df(x)|2+|D2f(x)|2+|D3f(x)|2+δ

) p
2 , x ∈ R

N .
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Then, the maximum principle in Lemma 2.4 implies that

zδ(t, x) ≤
(
T (t)

(|f |2 + |Df |2 + |D2f |2 + |D3f |2) p
2
)

(x), t > 0, x ∈ R
N ,

for any δ > 0. Taking the limit as δ tends to 0 we get

(4.8)

(|u(t, x)|2 + |Du(t, x)|2 + |D2u(t, x)|2 + |D3u(t, x)|2) p
2

≤ eσ3,pt
(
T (t)

(|f |2 + |Df |2 + |D2f |2 + |D3f |2) p
2
)

(x),

for all t > 0 and x ∈ R
N . Then, (4.2) follows.

Finally, we consider the case when p > 2. Since

|D3T (t)f(x)|p =
(|(D3T (t)f)(x)|2) p

2

≤ (
eσ3,2t

(
T (t)

(|f |2 + |Df |2 + |D2f |2 + |D3f |2)) (x)) p
2 ,

we get (4.2) (with l = 3) observing that (2.2) and (2.3) easily imply that

(T (t)ψ)p/2 ≤ T (t)(ψp/2),

for any t > 0 and any nonnegative ψ ∈ Cb(RN ).
To get (4.2) in the case when p ∈ (1, 2) and l = 1, 2, it suffices to apply the

previous arguments to the function

wδ(t, x) =
(|(T (t)f)(x)|2 + |(DT (t)f)(x)|2 + δ

) p
2 , t > 0, x ∈ R

N , δ > 0,

if l = 1 and to the function

wδ(t, x) =
(|(T (t)f)(x)|2 + |(DT (t)f)(x)|2 + (|D2T (t)f)(x)|2 + δ

) p
2 , δ > 0,

if l = 2. Arguing as above we get

(4.9)

(
l∑

j=0

|Dju(t, x)|2 + δ

) p
2

≤ eσl,pt

(
T (t)

(
l∑

j=0

|Djf |2 + δ

) p
2
)

(x) + δ
p
2 ,

for any l = 1, 2, with

C1(p)
p− 1

=
C2N3νγ−1

0

4(p− 1)
+M1,(4.10)

C2(p)
p− 1

= max

{
C2N3νγ−1

0

2(p− 1)
+M2,

p− 1
2

ν1−γ
0 +

C2N3νγ−1
0

p− 1
+K1 + 2M2

}
,(4.11)

where M1 and M2 are given by (4.1). Taking the limit as δ tends to 0 gives (4.2).
In the case when p > 2, (4.2) (with l = 1, 2) follows from the case p = 2, applying

Jensen’s inequality. This finishes the proof. �

As the following theorem shows, in the case when Mk < 0 (k = 2, 3) the result
in Theorem 4.3 can be improved.

Theorem 4.4. Let l = 1, 2, 3 and let assumptions H1-H3, H4-l-γ be satisfied.
Further, assume that Ml < 0 (if l = 2, 3) or M1 ≤ − C2N3

4(p0−1)ν
γ−1
0 for some p0 ∈

(1, 2) if l = 1. Then
(4.12)(

l∑
j=1

|(DjT (t)f)(x)|2
) p

2

≤ eσk,pt

(
T (t)

(
l∑

j=1

|Djf |2
) p

2
)

(x), ∀t > 0, x ∈ R
N ,
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for all f ∈ Cl
b(R

N ) and any p ∈ (1,+∞) if l = 2, 3 and any p ∈ [p0,+∞) if l = 1,
where σl,p (p ∈ (1,+∞)) are suitable constants that can be explicitly determined
(see the proof) and they possibly blow up as p tends to 1.

Proof. The proof is close to that of Theorem 4.3. Hence we just sketch it. To get
(4.12), in the case when p ∈ (1, 2] and l = 3, one has to deal with the function

wδ,3(t, x) = (|Du(t, x)|2 + |D2u(t, x)|2 + |D3u(t, x)|2 + δ)
p
2 , ∀t > 0, x ∈ R

N .

A straightforward computation shows that wδ,3 solves problem (4.3) with gδ re-
placed by a function gδ ∈ C([0,+∞) × R

N ) which satisfies estimate (4.6), where
we drop out the term −(1− p)ν in the first round brackets and the term |u|2 in the
last ones. We now choose ε0 > −CN2/(4M3), ε and ε1 as in the proof of Theorem
4.3, and we set

C1(p, ε0) =
(
CN2

4ε0
+M3

)
νγ
0 ,

C2(p, ε0) = sup
RN

(
(1 − p)ν +

(
Cε0N +

3C2N3(N + 2)
4(p− 1)

νγ−1
0 +K1 + 2M3

)
νγ

)
,

C3(p) = sup
RN

(
(1 − p)ν + C̃3(p)νγ

)
and σ3,p = pmin

ε0>−CN2
4M3

{max {C1(p, ε0), C2(p, ε0), C3(p)}}. We get

gδ ≤ σ3,p

(|Du|2 + |D2u|2 + |D3u|2) (|Du|2 + |D2u|2 + |D3u|2 + δ
) p

2−1

≤ σ3,pwδ,3 − σ3,pδ
p
2 .

If σ3,p ≥ 0, the proof follows as in Theorem 4.3. In the case when σ3,p < 0, we
introduce the function zδ,3(t, x) = e−σ3,pt(wδ,3(t, x)− δ p

2 ) which satisfies (4.7). The
maximum principle in Lemma 2.4 implies that

zδ,3(t, x) ≤
(
T (t)

(|Df |2 + |D2f |2 + |D3f |2) p
2
)

(x),

which gives (4.12) taking the limit as δ tends to 0. The case when p > 2 follows
from the case when p = 2 and from Hölder’s inequality, and gives σ3,p = p

2σ3,2.
Applying the same arguments respectively to the functions

wδ,1 = (|Du|2 + δ)
p
2 , wδ,2 = (|Du|2 + |D2u|2 + δ)

p
2 ,

one finally gets (4.12) with σ1,p = p(p0 − p)ν0 and

σ2,p = p min
ε0>−CN2

4M2

{max {E1(ε0), E2(ε0)}} ,

where

E1(ε0) =
(
CN2

4ε0
+M2

)
νγ
0

and

E2(ε0) = sup
RN

[
(1 − p)ν +

(
Cε0N +

C2N3

p− 1
νγ−1
0 +K1 + 2M2

)
νγ

]
,

if p ∈ (1, 2], and σl,p = p
2σl,2 (l = 1, 2) if p > 2. �

Remark 4.5. In the case when l = 1, estimate (4.12) has already been proved in [4]
under assumption H4-1-γ with γ = 1/2 for any value of the constant M1.
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We now consider the second type of pointwise estimates we want to prove. First
we prove the following lemma.

Lemma 4.6. If gR, g : [0, T ] × R
N , R > 0, are continuous functions such that

‖gR‖∞ ≤M for all R > 0 and limR→+∞ gR = g, uniformly in [ε, T − ε]×B(k) for
every ε, k > 0, then

lim
R→+∞

(TR(t)gR(t))(x) = (T (t)g(t))(x),

uniformly in [ε, T − ε] ×B(k) for every ε, k > 0.
If fε, f0 ∈ Cb(RN ), ε > 0, are such that ‖fε‖∞ ≤ M for all ε > 0 and

limε→0+ fε = f0, uniformly in B(k) for all k > 0, then for all t > 0 we have
limε→0+ T (t− ε)fε = T (t)f0, uniformly in B(k) for all k > 0.

Proof. Let gR, g as above. We have

|TR(t)gR(t) − T (t)g(t)| ≤ |TR(t)(gR(t) − g(t))| + |(T (t) − TR(t))g(t)|
≤ TR(t)

(|gR(t) − g(t)|)+ (T (t) − TR(t))|g(t)|
≤ T (t)

(|gR(t) − g(t)|)+M(T (t) − TR(t))�,(4.13)

for all R > 0. In deriving (4.13) we took advantage of (2.9).
Let us observe that the second term in the last part of (4.13) converges to zero

uniformly in [ε, T ] × B(k) for every ε, k > 0, by (2.7). To estimate the first term,
we observe that for any t ∈ [ε, T − ε] and any x ∈ R

N we have

(4.14)
(
T (t)

(|gR(t) − g(t)|))(x) ≤ (T (t)( sup
t∈[ε,T−ε]

|gR(t) − g(t)|))(x).
Since supt∈[ε,T−ε] |gR(t) − g(t)| is a bounded and continuous function in R

N , con-
verging to 0, locally uniformly in R

N , from (2.4) we deduce that the right-hand side
of (4.14) converges to 0, locally uniformly, as R tends to +∞, and the conclusion
follows.

We prove the second statement. Let fε, f0 be as above; we have

(4.15) |T (t− ε)fε − T (t)f0| ≤ |T (t− ε)fε − T (t− ε)f0| + |T (t− ε)f0 − T (t)f0|,
for all ε > 0. By (2.4), for any fixed t > 0, the first term in (4.15) converges to
0 as ε tends to 0, locally uniformly in B(k) for any k > 0. The second term in
the right-hand side of (4.15) converges to zero uniformly in B(k) for any k > 0 as
well, since the function T (t)f0 is continuous in [0,+∞) × R

N and, consequently,
uniformly continuous in [0, T ] ×B(k) for any T, k > 0. �

We can now prove our estimates. For notation convenience, we set

σ̂1,p =

{
σ1,p, if M1 ≥ − C2N3

4(p0−1)ν
γ−1
0 and p ≥ p0,

σ1,p, otherwise,
σ̂l,p =

{
σl,p, if Ml ≥ 0,

σl,p, otherwise,

for l = 2, 3, where σl,p and σl,p are defined, respectively, in Theorems 4.3 and 4.4.

Theorem 4.7. Let l ∈ {1, 2, 3} and suppose that assumptions H1-H3, and H4-l-γ
hold. Then, for any f ∈ Cl−1

b (RN ) we have
(4.16)

| (DlT (t)f
)
(x)|p ≤

(
σ̂l,p∧2

1 − e−σ̂l,p∧2t
φl,p∧2(t)

)max{1, p
2 }
(
T (t)

(
l−1∑
j=0

|Djf |2
) p

2
)

(x),
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for any t > 0 and x ∈ R
N , where φ1,r(t) = (r(r − 1)ν0)

− r
2 t1−

r
2 +t for any r ∈ (1, 2],

and

φk,r(t) = ar,k

(
eσ̂k−1,rt − 1
σ̂k−1,r

)1− r
2

+ t, r ∈ (1, 2], k = 2, 3,

ak,r (r ∈ (1, 2], k = 2, 3) being positive constants that can be explicitly determined
from the data.

Proof. We first consider the case when l = 3 and p ∈ (1, 2). Even if we limit
ourselves to the case when M3 ≥ 0, our techniques can also be used, with minor
changes, in the case when M3 < 0.

We fix δ, t, R > 0 and let ηR be the cut-off function defined at the beginning of
the proof of Theorem 3.3. For any α, β > 0 and any f ∈ C2

b (RN ) we define the
function gδ : [0, t] → C(B(R)) by

gδ(s) = TR(s)
((
α|TR(t− s)f |2 + βη2

R|DTR(t− s)f |2

+ η4
R|D2TR(t− s)f |2 + δ

) p
2 − δ

p
2

)
, 0 ≤ s ≤ t,

(4.17)

where TR(·) is the semigroup generated in Cb(B(R)) by the realization AR of the
operator A with Dirichlet boundary conditions (see Section 2). To simplify the
notation, throughout the remainder of the proof, we set φr

R := TR(t − r)f and
φr := T (t− r)f for any r ∈ [0, t].

As is easily seen the function(
α|φr

R|2 + βη2
R|Dφr

R|2 + η4
R|D2φr

R|2 + δ
)p/2 − δp/2

belongs to D(AR) for any r ∈ [0, t). Recalling that A(δp/2) = 0, we get

g′δ(s) = pTR(s)

{[
α

N∑
i,j=1

qijDiφ
s
RDjφ

s
R + βη2

R

N∑
i,j,h=1

qijDihφ
s
RDjhφ

s
R

+ η4
R

N∑
i,j,h,k=1

qijDihkφ
s
RDjhkφ

s
R +

β

2
A(η2

R)|Dφs
R|2

+
1
2
A(η4

R)|D2φs
R|2 + 4βηR

N∑
i,j,h=1

qijDiηRDhφ
s
RDjhφ

s
R

+ 8η3
R

N∑
i,j,h,k=1

qijDjηRDhkφ
s
RDihkφ

s
R

− βη2
R

 N∑
i,j,h=1

DhqijDhφ
s
RDijφ

s
R +

N∑
j,h=1

DhbjDjφ
s
RDhφ

s
R


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− η4
R

( N∑
i,j,h,k=1

(2DhqijDijkφ
s
R +DhkqijDijφ

s
R)Dhkφ

s
R

+
N∑

j,h,k=1

(2DhbjDjkφ
s
R +DhkbjDjφ

s
R)Dhkφ

s
R

)]

× (α|φs
R|2 + βη2

R|Dφs
R|2 + η4

R|D2φs
R|2 + δ

) p
2−1

}

− p(2 − p)
4

TR(s)

[
N∑

i,j=1

qijDi

(
α|φs

R|2 + βη2
R|Dφs

R|2 + η4
R|D2φs

R|2
)

×Dj

(
α|φs

R|2 + βη2
R|Dφs

R|2 + η4
R|D2φs

R|2
)

× (α|φs
R|2 + βη2

R|Dφs
R|2 + η4

R|D2φs
R|2 + δ

) p
2−2

]
.

Arguing as in the proof of (4.4) and recalling the inequality (a+ b)2 ≤ (1 + ε)a2 +
(1 + ε−1)b2 for any a, b, ε > 0, we easily deduce that

1
4

N∑
i,j=1

qijDi

(
α(φs

R)2 + βη2
R|Dφs

R|2 + η4
R|D2φs

R|2
)

×Dj

(
α(φs

R)2 + βη2
R|Dφs

R|2 + η4
R|D2φs

R|2
)

≤ (1+ε)

[
α|φs

R|
(

N∑
i,j=1

qijDiφ
s
RDjφ

s
R

) 1
2

+βη2
R|Dφs

R|
(

N∑
i,j,h=1

qijDihφ
s
RDjhφ

s
R

) 1
2

+ η4
R|D2φs

R|
(

N∑
i,j,h,k=1

qijDihkφ
s
RDjhkφ

s
R

) 1
2
]2

+
(

1 +
1
ε

)(
βηR|Dφs

R|2 + 2η3
R|D2φs

R|2
)2 N∑

i,j=1

qijDiηRDjηR

≤ (1 + ε)

[
α

N∑
i,j=1

qijDiφ
s
RDjφ

s
R + βη2

R

N∑
i,j,h=1

qijDihφ
s
RDjhφ

s
R

+ η4
R

N∑
i,j,h,k=1

qijDihkφ
s
RDjhkφ

s
R

]
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× (α|φs
R|2 + βη2

R|Dφs
R|2 + η4

R|D2φs
R|2
)

+
(

1 +
1
ε

)(
β|Dφs

R|2 + 4η2
R|D2φs

R|2
) (
βη2

R|Dφs
R|2 + η4

R|D2φs
R|2
)

×
N∑

i,j=1

qijDiηRDjηR.

Hence,

g′δ(s) ≥ pTR(s)

{[
αCε,p

N∑
i,j=1

qijDiφ
s
RDjφ

s
R + βCε,pη

2
R

N∑
i,j,h=1

qijDihφ
s
RDjhφ

s
R

+ Cε,pη
4
R

N∑
i,j,h,k=1

qijDihkφ
s
RDjhkφ

s
R +

β

2
A(η2

R)|Dφs
R|2

+
1
2
A(η4

R)|D2φs
R|2 + 4βηR

N∑
i,j,h=1

qijDiηRDhφ
s
RDjhφ

s
R

+ 8η3
R

N∑
i,j,h,k=1

qijDjηRDhkφ
s
RDihkφ

s
R

− βη2
R

( N∑
i,j,h=1

DhqijDhφ
s
RDijφ

s
R +

N∑
j,h=1

DhbjDjφ
s
RDhφ

s
R

)

− η4
R

( N∑
i,j,h,k=1

(2DhqijDijkφ
s
R +DhkqijDijφ

s
R)Dhkφ

s
R

+
N∑

j,h,k=1

(2DhbjDjkφ
s
R +DhkbjDjφ

s
R)Dhkφ

s
R

)

− (2 − p)
(

1 +
1
ε

)(
β|Dφs

R|2 + 4η2
R|D2φs

R|2
)

×
N∑

i,j=1

qijDiηRDjηR

]

× (α|φs
R|2 + βη2

R|Dφs
R|2 + η4

R|D2φs
R|2 + δ

) p
2−1

}
,
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where Cε,p = 1 + (1 + ε)(p − 2). Taking assumption H3 into account and arguing
as in the proof of (3.18), one can easily check that

(4.18)
N∑

i,j=1

qij(x)DiηR(x)DjηR(x) ≤ C′′′ν(x),

for any x ∈ B(R) and some positive constant C′′′, independent of R. Moreover, in
view of (3.18)-(3.20) we can write

A(η2
R) ≥ −2(C′ + C′′)ν,(4.19)

A(η4
R) = 2η2

RA(η2
R) + 2

N∑
i,j=1

qijDiη
2
RDjη

2
R ≥ 2η2

RA(η2
R) ≥ −4(C′ + C′′)η2

Rν,

(4.20)

∣∣∣∣∣ηR

N∑
i,j,h=1

qijDiηRDhφ
s
RDjhφ

s
R

∣∣∣∣∣ ≤ C′′N
4ε

ν|Dφs
R|2 + εC′′η2

Rν|D2φs
R|2,(4.21)

∣∣∣∣∣η3
R

N∑
i,j,h,k=1

qijDjηRDhkφ
s
RDihkφ

s
R

∣∣∣∣∣ ≤ C′′N
4ε

η2
Rν|D2φs

R|2 + εC′′η4
Rν|D3φs

R|2,

(4.22)

for any ε > 0.
Now, from assumptions H1, H4-1-γ and (4.18), (4.19)-(4.22), we easily deduce

that

g′δ(s) ≥ pTR(s)
{[((

αCε,p − β(C′ + C′′) − β
C′′N
ε

+ β(p− 2)C′′′
(

1 +
1
ε

))
ν

−βCN
2

4ε
νγ − η2

R

(
βd+ r

N2

4ε

))
|Dφs

R|2

+
((

β(Cε,p − 4εC′′) − 2(C′ + C′′) − 2C′′N
ε

+4(p− 2)C′′′
(

1 +
1
ε

))
ν

−
(
βCεN+

CN2

2ε
+K+

1

)
νγ−η2

R (2d+rεN)
)
η2

R|D2φs
R|2

+ ((Cε,p − 8εC′′) ν − 2CεNνγ) η4
R|D3φs

R|2
]

× (α|φs
R|2 + βη2

R|Dφs
R|2 + η4

R|D2φs
R|2 + δ)

p
2−1

}
.

In view of assumption H4-3-γ, we have

βd(x) + r(x)
N2

4ε
≤
(
β − N2

4ε
L−1

3

)
M+

3 (ν(x))γ +
N2

4ε
L−1

3 M+
3 (ν(x))γ ,

2d(x) + εr(x)N ≤ 2M+
3 (ν(x))γ ,
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for any x ∈ R
N , provided ε < 2L3N

−1 and β > N2/(4εL3). Here L3 is as in
assumption H4-3-γ and M3 is given by (4.1).

We now choose ε sufficiently small and α = αp, β = βp sufficiently large such
that 

0 < A1 := α(1 + (1 + ε)(p− 2)) − β(C′ + C′′)

−βC′′Nε−1 + β(p− 2)C′′′(1 + ε−1),

0 < A2 := β(1 + (1 + ε)(p− 2) − 4εC′′) − 2(C′ + C′′)

−2C′′Nε−1 + 4(p− 2)C′′′(1 + ε−1),

(βCN2ε−1 + (4β −N2ε−1L−1
3 )M+

3 +N2ε−1L−1
3 M+

3 )νγ−1
0 < 4A1,

(2βCεN + CN2ε−1 + 2K+
1 + 4M+

3 )νγ−1
0 < 2A2,

0 < A3 := 1 + (p− 2)(1 + ε) − 8εC′′, 2CεNνγ−1
0 < A3,

ε < 2L3N
−1, 4β > N2L−1

3 ε−1.

Consequently, we can find out a positive constant cp such that

g′δ(s) ≥ cpTR(s)
(
η4

R

(|Dφs
R|2 + |D2φs

R|2 + |D3φs
R|2
)

×
(
αp|φs

R|2 + βpη
2
R|Dφs

R|2 + η4
R|D2φs

R|2 + δ
) p

2−1
)
.(4.23)

Then, integrating (4.23) in [ε, t− ε] (ε > 0) we get
(4.24)

cp

∫ t−ε

ε

(
TR(s)

(
η4

R(|Dφs
R|2 + |D2φs

R|2 + |D3φs
R|2)

×(αp|φs
R|2 + βpη

2
R|Dφs

R|2 + η4
R|D2φs

R|2 + δ)
p
2−1
))

(x) ds

≤
(
TR(t− ε)

(
(αp|TR(ε)f |2+βpη

2
R|DTR(ε)f |2+η4

R|D2TR(ε)f |2+δ)
p
2 −δ p

2

))
(x)

−
(
TR(ε)

(
(αp|φε

R|2 + βpη
2
R|Dφε

R|2 + η4
R|D2φε

R|2 + δ)
p
2 − δ

p
2

))
(x)

≤
(
TR(t− ε)

(
(αp|TR(ε)f |2 + βpη

2
R|DTR(ε)f |2 + η4

R|D2TR(ε)f |2) p
2

))
(x).

Therefore, taking (2.11) into account, from Lemma 4.6 we have

lim
R→+∞

{
TR(s)

[
η4

R(|Dφs
R|2 + |D2φs

R|2 + |D3φs
R|2)

×(αp|φs
R|2 + βpη

2
R|Dφs

R|2 + η4
R|D2φs

R|2 + δ
) p

2−1]}(x)
=
{
T (s)

[
(|Dφs|2 + |D2φs|2 + |D3φs|2)

×(αp|φs|2 +βp|Dφs|2 + |D2φs|2 + δ
) p

2−1]}(x),
the convergence being uniform in [ε, t− ε] ×B(k) for any k > 0, and

lim
R→+∞

(
TR(t− ε)

(
(αp|TR(ε)f |2 +βpη

2
R|DTR(ε)f |2 +η4

R|D2TR(ε)f |2) p
2

))
(x)

=
(
T (t− ε)

(
(αp|T (ε)f |2 + βp|DT (ε)f |2 + |D2T (ε)f |2) p

2

))
(x),



2658 M. BERTOLDI AND L. LORENZI

uniformly for s ∈ [ε, t− ε]. Then, from (4.24) we get

(4.25)

cp

∫ t−ε

ε

{
T (s)

[
(|Dφs|2 + |D2φs|2 + |D3φs|2)

×(αp|φs|2 + βp|Dφs|2 + |D2φs|2 + δ)
p
2−1
]}

(x) ds

≤
(
T (t− ε)(αp|T (ε)f |2 + βp|DT (ε)f |2 + |D2T (ε)f |2) p

2

)
(x),

for any x ∈ R
N . Now, from Lemma 4.2 it follows that

lim
ε→0+

DjT (ε)f = Djf, j = 0, 1, 2,

uniformly in B(k) for all k > 0. Therefore from Lemma 4.6 we have

(4.26)
lim

ε→0+

(
T (t− ε)(αp|T (ε)f |2 + βp|DT (ε)f |2 + |D2T (ε)f |2) p

2

)
(x)

=
(
T (t)

(
(αp|f |2 + βp|Df |2 + |D2f |2) p

2
))

(x),

for any x ∈ R
N . Hence, taking the limit as ε tends to 0 in (4.25), we get

(4.27)

cp

∫ t

0

T (s)
( (|Dφs|2 + |D2φs|2 + |D3φs|2)

×(αp|φs|2 + βp|Dφs|2 + |D2φs|2 + δ
) p

2−1
)
(x)ds

≤
(
T (t)(αpf

2 + βp|Df |2 + |D2f |2) p
2

)
(x),

for any x ∈ R
N .

We now adapt the technique in [4, Proposition 4.3] to our situation. Let us
observe that from (4.9) (with l = 2) and the Young and Hölder inequalities, we
deduce that for any γ ∈ R,(|DT (t)f |2 + |D2T (t)f |2 + |D3T (t)f |2) p

2

=
(|DT (s)(φs)|2 + |D2T (s)(φs)|2 + |D3T (s)(φs)|2) p

2

≤ eσ3,psT (s)
[(|Dφs|2 + |D2φs|2 + |D3φs|2) p

2
]

+ eσ3,psT (s)
(|φs|p)

≤ eσ3,psT (s)
[(|Dφs|2 + |D2φs|2 + |D3φs|2) p

2

× (αp|φs|2 + βp|Dφs|2 + |D2φs|2 + δ
)−γ

× (αp|φs|2 + βp|Dφs|2 + |D2φs|2 + δ
)γ]

+eσ3,psT (t)
(|f |p)

≤ eσ3,ps

{
T (s)

[ (|Dφs|2 + |D2φs|2 + |D3φs|2)
× (αp|φs|2 + βp|Dφs|2 + |D2φs|2 + δ

)− 2γ
p

]} p
2

×
{
T (s)

[(
αp|φs|2 + βp|Dφs|2 + |D2φs|2 + δ

) 2γ
2−p

]}1− p
2

+eσ3,psT (t)
(|f |p).
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Choosing γ = p(2 − p)/4, using Jensen and Young inequalities, and recalling that

(|φs|2 + |Dφs|2 + |D2φs|2 + δ)
p
2

≤ eσ2,p(t−s)T (t− s)
(
(f2 + |Df |2 + |D2f |2 + δ)

p
2
)

+ δ
p
2

(see again (4.8)), we get for all ε > 0

(4.28) (|DT (t)f |2 + |D2T (t)f |2 + |D3T (t)f |2) p
2

≤ eσ3,ps

{
T (s)

[ (|Dφs|2 + |D2φs|2 + |D3φs|2)
× (αp|φs|2 + βp|Dφs|2 + |D2φs|2 + δ

) p
2−1
]} p

2

×
{
T (s)

[(
αp|φs|2 + βp|Dφs|2 + |D2φs|2 + δ

) p
2
]}1− p

2

+ eσ3,psT (t)(|f |p)

≤ eσ3,ps

{
p

2
ε

2
pT (s)

[ (|Dφs|2 + |D2φs|2 + |D3φs|2)
× (αp|φs|2 + βp|Dφs|2 + |D2φs|2 + δ

) p
2−1
]

+
(
1 − p

2

)
ε

2
p−2T (s)

[(
αp|φs|2 + βp|Dφs|2 + |D2φs|2 + δ

) p
2
]}

+eσ3,psT (t)(|f |p)

≤ eσ3,ps

{
p

2
ε

2
pT (s)

[ (|Dφs|2 + |D2φs|2 + |D3φs|2)
× (αp|φs|2 + βp|Dφs|2 + |D2φs|2 + δ

) p
2−1
]

+
(
1 − p

2

)
ε

2
p−2 max{αp, βp, 1} p

2

×
[
eσ2,p(t−s)T (t)

(
(f2 + |Df |2 + |D2f |2 + δ)

p
2

)
+ δ

p
2

]
+ T (t)(|f |p)

}
.

Multiplying the first and last side of (4.28) by e−σ3,ps, integrating in (0, t), pointwise
with respect to x ∈ R

N , and taking (4.27) into account, we get

1 − e−σ3,pt

σ3,p

(|DT (t)f |2 + |D2T (t)f |2 + |D3T (t)f |2) p
2

≤ p

2cp
ε

2
pT (t)

(
(αpf

2 + βp|Df |2 + |D2f |2) p
2
)

+ tT (t)(|f |p)

+
(
1 − p

2

)
ε

2
p−2 max{αp, βp, 1}

p
2

×
[
eσ2,pt − 1
σ2,p

T (t)
(
(f2 + |Df |2 + |D2f |2 + δ)

p
2
)

+ δ
p
2

]
.(4.29)
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Letting δ tend to 0 in (4.29) gives

1 − e−σ3,pt

σ3,p

(|DT (t)f |2 + |D2T (t)f |2 + |D3T (t)f |2) p
2

≤ max{αp, βp, 1} p
2

{
min
ε>0

(
p

2cp
ε

2
p +

(
1 − p

2

) eσ2,pt − 1
σ2,p

ε
2

p−2

)
+ t

}
×T (t)

(
(f2 + |Df |2 + |D2f |2) p

2
)

= max{αp, βp, 1}
p
2

[
c
− p

2
p

(
eσ2,pt − 1
σ2,p

)1− p
2

+ t

]
T (t)

(
(f2 + |Df |2 + |D2f |2) p

2
)

and (4.16) follows with p ∈ (1, 2).
The case when p = 2 is similar and even simpler. It suffices to apply the previous

arguments to the function g0 defined by (4.17) (with δ = 0 and p = 2).
In the case when p > 2, (4.16) (with l = 3) can be obtained from the case when

p = 2 observing that

|(D3T (t)f)(x)|p =
(|(D3T (t)f)(x)|2) p

2

≤
(

σ3,2

(1 − e−σ3,2t)
φ3,2(t)

) p
2 ((

T (t)
(
f2 + |Df |2 + |D2f |2)) (x)) p

2

and then applying Hölder’s inequality.
The proof of (4.16) in the case when l = 1, 2 is completely similar, hence it is

omitted. Actually, one can prove that l∑
j=0

|(DjT (t)f)(x)|2


p
2

≤
(

σl,p∧2

1 − e−σl,p∧2t
φl,p∧2(t)

)max{1, p
2 }
(
T (t)

(
l−1∑
j=0

|Djf |2
) p

2
)

(x),(4.30)

for any t > 0, x ∈ R
N , p ∈ (1,+∞). �

Corollary 4.8. Let l ∈ {2, 3} and let assumptions H1-H3, H4-l-γ be satisfied.
Then, for any f ∈ Cb(RN ) and any p ∈ (1,+∞) we have
(4.31)

|(DlT (t)f)(x)|p ≤
 l∑

k=1

k−1∏
j=0

σ̂l−j,p∧2

1 − e−σ̂l−j,p∧2t/l
φl−j,p∧2(t/l)

max{1, p
2 }

(T (t)(|f |p))(x),

for any t > 0 and any x ∈ R
N , where φj,r and σ̂j,r are as in Theorem 4.7.

Proof. We begin by proving (4.31) in the case when l = 3 and p ≤ 2. We fix
f ∈ Cb(RN ) and t > 0. Splitting T (t)f = T (t/3)T (2t/3)f and applying (4.16) with
f being replaced by T (2t/3)f , we get

|(D3T (t)f)(x)|p ≤ σ̂3,p

1 − e−σ̂3,pt/3
φ3,p(t/3)

×T (t/3)
{(|T (2t/3)f |2+|DT (2t/3)f |2+|D2T (2t/3)f |2) p

2
}

(x),(4.32)
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for any x ∈ R
N . Now, taking (4.30) into account, with T (t)f replaced by T (2t/3)f ,

we get

(|T (2t/3)f |2 + |DT (2t/3)f |2 + |D2T (2t/3)f |2) p
2

≤ σ̂2,p

1 − e−σ̂2,pt/3
φ2,p(t/3)T (t/3)

{(|T (t/3)f |2 + |DT (t/3)f |2) p
2
}

+ T (lt/3)(|f |p)

≤ σ̂2,p

1 − e−σ̂2,pt/3
φ2,p(t/3)

[
σ̂1,p

1 − e−σ̂1,pt/3
φ1,p(t/3)T (2t/3)(|f |p + T (2t/3)(|f |p)

]
+ T (2t/3)(|f |p).

(4.33)

Combining (4.32) and (4.33) gives (4.31) for p ≤ 2. If p > 2 and l = 3, (4.31) follows
from the case when p = 2 applying Hölder’s inequality. The proof of (4.31) (with
l = 2) is similar: we write |(D2T (t)f)(x)|2 = |(D2T (t/2)T (t/2)f)(x)|2 and apply
(4.16), respectively with l = 1 and l = 2, to T (t/2)f . We omit the details. �

We now prove a Liouville-type theorem. Namely, we show that under suitable
assumptions on the coefficients, if u ∈ Cb(RN ) satisfies the equation Au = 0, then
u is constant. As already stressed in the Introduction, such a result fails in general.
We refer the reader to [18] for further details.

Theorem 4.9. Suppose that assumptions H1-H3 and H4-1-γ (γ ∈ (0, 1)) hold true.
Further assume that

(4.34)
C2N3νγ−1

0

4
+M1 < 0,

where M1 is given by (4.1) and C is as in H4-1-γ. If f ∈ Cb(RN ) satisfies Af = 0,
then f is constant.

Proof. We observe that if f ∈ Cb(RN ) is such that Af = 0, then, by local ellip-
tic regularity, it follows that f ∈ Dmax(A) (see (3.35)). Moreover, the function
t �→ (T (t)f)(x) is continuously differentiable in (0,+∞) and Dt((T (t)f)(x)) =
(AT (t)f)(x) = (T (t)Af)(x) (see e.g. [12, Theorem 4.1]). Hence, DtT (t)f = 0 for
any t > 0, so that T (t)f = f for any t > 0. From (4.16) we deduce that

|(DT (t)f)(x)| ≤ C̃√
t
eωt
(
(T (t)f2)(x)

)1/2 ≤ C̃√
t
eωt‖f‖∞, ∀t > 0, x ∈ R

N ,

for some C̃ > 0 and some ω < 0. Indeed, (4.34) implies that σ̂1,2 = 0. As t tends
to +∞, we get

Df(x) = lim
t→+∞(DT (t)f)(x) = 0, ∀x ∈ R

N ,

so that f is constant. �

4.1. Further estimates for A = ∆ +
∑N

j=1 bj(x)Dj . We now consider the par-
ticular case when qij = δij . It is well known that in this case the gradient estimate
(4.2) (with l = 1) can also be proved for p = 1. More precisely, if there exists a
constant d0 ∈ R such that

∑N
i,j=1Dibj(x)ξiξj ≤ d0|ξ|2 for any x, ξ ∈ R

N , then we
have

|(DT (t)f)(x)| ≤ ed0tT (t)(|Df |)(x), ∀t > 0, x ∈ R
N ,

for any f ∈ C1
b (RN ) (see e.g. [1, 2, 4]).
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With this in mind, here we extend the estimates for the second- and third-order
derivatives given in Theorem 4.7 to the case p = 1.

Theorem 4.10. Let l ∈ {2, 3} and let assumptions H2, H4-l-γ (with qij = δij) and
(3.4) be satisfied. Then,

(4.35) |(DlT (t)f)(x)| ≤ eσlt

(
T (t)

[(
l∑

j=1

|Djf |2
) 1

2
]
(x)

)
, ∀t > 0, x ∈ R

N ,

where σl = Ml + (l − 1)M+
l (see (4.1)).

Proof. We limit ourselves to sketching the proof in the case when l = 2.
Let δ > 0, f ∈ C1

b (RN ) and consider the function wδ : R+ ×R
N → R defined by

wδ(t, x) =
(|Du(t, x)|2 + |D2u(t, x)|2 + δ

) 1
2 ,

where, as usual, u(t, ·) = T (t)f . Arguing as in the proof of Theorem 4.3 and taking
Cauchy-Schwarz inequality into account, we can easily show that wδ turns out to
solve the Cauchy problem

Dtwδ(t, x) = Awδ(t, x) + gδ(t, x), t > 0, x ∈ R
N ,

wδ(0, x) =
(|Df(x)|2 + |D2f(x)|2 + δ

) 1
2 , x ∈ R

N ,

where

gδ ≤ w−1
δ

( N∑
j,h=1

DhbjDjuDhu+2
N∑

j,h,k=1

DhbjDjkuDhku+
N∑

j,h,k=1

DhkbjDjuDhku

)
.

From H4-2-γ we get for all ε > 0

gδ ≤ w−1
δ

((
d+

N2

4ε
r

)
|Du|2 + 2

(
d+

εN

2
r

)
|D2u|2

)
.

We choose ε =
√
N/2 so that εN/2 = N2/(4ε) = N3/2/

√
8 and we get

d(x) +
N2

4ε
r(x) ≤M2, d(x) +

εN

2
r(x) ≤M2, ∀x ∈ R

N .

Now, if M2 ≥ 0 it follows that gδ ≤ 2M2wδ; if M2 < 0 we have

gδ ≤M2

(|Du|2 + |D2u|2 + δ
)− 1

2 (|Du|2 + |D2u|2) ≤M2wδ −M2δ
1
2 .

Following step by step the proofs of Theorems 4.3 and 4.4, we can easily get
(4.35). �

Remark 4.11. It is well known that in general estimates (4.16) and (4.31) fail for
p = 1. We refer the reader to [4, Example 5.5] where a counterexample is exhibited
in the case when A = ∆.

5. Invariant measures

In this section we will show that the pointwise estimates of the previous section
imply global estimates for the derivatives of T (t)f in Lp-spaces associated with the
semigroup invariant measure, whenever it exists.
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We recall that a probability measure µ in R
N is an invariant measure of the

semigroup {T (t)}t≥0 if∫
RN

(T (t)f)(x)dµ(x) =
∫

RN

f(x)dµ(x),

for any f ∈ Cb(RN ) and any t > 0. If an invariant measure exists, then it is
unique, it is absolutely continuous with respect to the Lebesgue measure and it has
a strictly positive density (see for example [13, Section 6]).

The Has’minskii theorem shows that if there exists a nonnegative function ϕ ∈
C2(RN ) such that lim|x|→+∞ Aϕ(x) = −∞, then there exists an invariant measure
of the semigroup {T (t)}t≥0. See [8, Chapter III, Theorem 5.1] for more details.

If an invariant measure µ exists, then the semigroup {T (t)}t≥0 can be extended
to a strongly continuous contraction semigroup in Lp

µ, which, in general, is not
analytic (see [14]).

The following theorem both extends the results in [4, Corollary 5.4] to our situ-
ation, and gives, for any p ∈ (1,+∞), Lp-estimates for the second- and third-order
derivatives of T (t) under the same assumptions on the coefficients as in Section 4.
For this purpose, we observe that estimates (4.16) (with l = 1) and (4.31) can be
rewritten in a simpler and more readable way as

(5.1) |(DjT (t)f)(x)|p ≤ Cj,p
eωj,pt

tj/2
(T (t)|f |p)(x), ∀t > 0, x ∈ R

N ,

for any p ∈ (1,+∞), any j = 1, 2, 3 and some constants Cj,p > 0 and ωj,p ∈ R.

Theorem 5.1. Let µ be the invariant measure associated with the semigroup T (t).
Moreover, let l ∈ {1, 2, 3} and let assumptions H1-H3, H4-l-γ be satisfied, and fix
p ∈ (1,+∞). Then, if ωj,p ≤ 0,

(5.2) ‖DlT (t)f‖p ≤ Cl,p
eωl,pt

tl/2
‖f‖p, ∀t > 0.

If ωl,p > 0, then for any ω > 0 there exist positive constants C̃l,p = C̃l,p(ω) such
that

(5.3) ‖DlT (t)f‖p ≤ C̃l,p
eωt

tl/2
‖f‖p,

for any f ∈ Lp(RN , µ). In particular, if l = 1, then D(Ap) ⊂ W 1,p
µ (RN ) and there

exists a positive constant M = M(ω) such that

(5.4) ‖Du‖p ≤M‖u‖ 1
2
p ‖(Ap − ω)u‖ 1

2
p .

Proof. We fix f ∈ Cb(RN ) and, for any fixed t > 0, we integrate (5.1) in R
N

obtaining∫
RN

| (DjT (t)f
)
(x)|pdµ(x) ≤ Cl,p

eωl,pt

tl/2

∫
RN

(T (t)(|f |p)) (x)dµ(x)

= Cl,p
eωl,pt

tl/2

∫
RN

|f(x)|pdµ(x).(5.5)

By density we can extend (5.5) to all f ∈ Lp
µ. If ωl,p ≤ 0 we are done. In the case

when ωl,p > 0, from (5.5) we easily get (5.3) if we recall that T (t) is a semigroup
of contractions in Lp

µ and argue as in the last part of the proof of Theorem 3.3.
Finally, we observe that (5.4) follows from (5.2) and (5.3) (with l = 1), arguing

as in the proof of [4, Corollary 5.4]. �
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